Published by Institute of Physics Publishing for SISSA Received: August 2, 2005 Accepted: August 18, 2005 Published: September 8, 2005

Unified Maxwell-Einstein and Yang-Mills-Einstein supergravity theories in four dimensions^∗

Murat Günaydin and Sean McReynolds

Physics Department, Pennsylvania State University University Park, PA 16802, U.S.A.

E-mail: murat@phys.psu.edu, sean@phys.psu.edu

Marco Zagermann

Department of Physics, Stanford University Varian Building, Stanford, CA 94305-4060, U.S.A. E-mail: zagermann@itp.stanford.edu

Abstract: We study unified N = 2 Maxwell-Einstein supergravity theories (MESGTs) and unified Yang-Mills Einstein supergravity theories (YMESGTs) in four dimensions. As their defining property, these theories admit the action of a global or local symmetry group that is (i) simple, and (ii) acts irreducibly on all the vector fields of the theory, including the “graviphoton”. Restricting ourselves to the theories that originate from five dimensions via dimensional reduction, we find that the generic Jordan family of MESGTs with the scalar manifolds M = [SU(1, 1)/U(1)] × [SO(2, n)/SO(2) × SO(n)] are all unified in four dimensions with the unifying global symmetry group SO(2, n). Of these theories only one can be gauged so as to obtain a unified YMESGT with the gauge group SO(2, 1). Three of the four magical supergravity theories defined by simple euclidean Jordan algebras J^A_3 (A = C, H, O) of degree 3 are unified MESGTs in four dimensions. The MESGTs defined by J^C_3 and J^O_3 can furthermore be gauged so as to obtain a 4D unified YMESGT with gauge groups SO(3, 2) and SO(6, 2), respectively. The generic non-Jordan family and the theories whose scalar manifolds are homogeneous but not symmetric do not lead to unified MESGTs in four dimensions. The three infinite families of unified five-dimensional MESGTs defined by simple lorentzian Jordan algebras of degree p ≠ 4, whose scalar manifolds are non-homogeneous, do not lead directly to unified MESGTs in four dimensions under dimensional reduction. However, since their manifolds are non-homogeneous we are not able to completely rule out the existence of symplectic sections in which these theories become unified in four dimensions.

Keywords: Extended Supersymmetry, Supersymmetry and Duality, Supergravity Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005026 /jhep092005026 .pdf

Contents

1. Introduction 1

2. 5D, N = 2 Maxwell-Einstein supergravity theories 4

3. Unified MESGTs in five dimensions 6

4. Dimensional reduction of 5D, N = 2 MESGTs to four dimensions 13 4.1 Very special Kähler geometry and global symmetries 15

5. Unified MESGTs and YMESGTs in four dimensions 19 5.1 Pure 5D, N = 2 supergravity dimensionally reduced to 4D 20 5.2 Theories whose scalar manifolds are symmetric spaces 21 5.3 Theories with homogeneous, but non-symmetric scalar manifolds 25 5.4 Theories defined by lorentzian Jordan algebras 28

6. Conclusion and summary 32

A. Symmetry algebras of Jordan algebras 33

B. Symplectic formulation of N = 2 MESGTs in four dimensions 36

1. Introduction

As is well-known, starting from a few well-established principles, the no-go theorem of Coleman and Mandula [1] rules out the existence of internal “bosonic” symmetries (continuous symmetries described by Lie groups) that can interpolate between particles of different spin. As is also well-known, supersymmetry circumvents this theorem, because it is built upon “fermionic” symmetry generators with anticommuting parameters and continuous supersymmetry transformations that correspond to Lie supergroups [2, 3].

One of the early motivations to introduce the concept of space-time supersymmetry into particle physics was the hope that it might provide a link between matter particles and gauge bosons or perhaps even relate gravity with the Yang-Mills interactions of the standard model. As we now know, these ideas cannot be directly realized in the phenomenologically

∗ Work supported in part by the National Science Foundation under Grant Number PHY-0245337 and by the German Research Foundation (DFG) under Grant Number ZA 279/1-1.

– 1 – interesting N = 1 supersymmetric extensions of the standard model, because

1. no known standard model particle in these models is related by a supersymmetry transformation to another standard model particle of different spin

2. the graviton cannot be a superpartner of a standard model gauge boson in N = 1 supergravity.

In fact, as for unification and simplification, it seems that the main virtues of low energy supersymmetry are the technical resolution of the gauge hierarchy problem in grand unified theories (GUTs) and an improved convergence of the three standard model couplings at the GUT scale [4].

The second point 2, i.e., the lack of entanglement (or “unification”) of Yang-Mills sectors and gravity in 4D, N = 1 supergravity, is easily traced back to the fact that both sectors live in two different types of supermultiplets and that there are no vector fields in the N = 1 supergravity multiplet. This is no longer true in extended supergravity theories, and, in principle, there could be a “unification” of Yang-Mills and gravitational interactions in extended supergravity due to one or two of the following (well-known) mechanisms:

1. Whereas the N = 1 supergravity multiplet contains no physical vector fields, such vector fields (“graviphotons”) do occur in all supergravity multiplets with N ≥ 2. These graviphotons can often act as gauge fields for non-trivial Yang-Mills-type gauge symmetries, and if they do, supersymmetry can be viewed as a “unifying” symmetry that connects gravity and the corresponding Yang-Mills interactions. The prime example of such a theory in four dimensions is the SO(8) gauged N = 8 supergravity theory by de Wit and Nicolai [5].

2. For N ≤ 4 supersymmetry, the supergravity multiplet can also be coupled to additional vector multiplets. In such a situation, supersymmetry, just as before, directly connects the graviton to the graviphotons, but, at the linearized level, not to the vector fields from the vector multiplets. However, the non-linear couplings in all N = 4 supergravity theories and in many N = 2 theories allow for certain non-compact global symmetries that interpolate between the vector fields in the supergravity multiplet and the vector fields of the vector multiplets. In some cases, these interpolating non-compact symmetries can also be gauged. When this is the case, the noncompact symmetry generators map vector fields from vector multiplets to vector fields in the supergravity multiplet, which in turn are then linked to the graviton by supersymmetry.

In both of these setups, a particularly symmetric situation occurs when the Yang- Mills-type gauge group is (a) simple and (b) acts irreducibly on (c) all the vector fields of the theory. For theories of type 1 with only the supergravity multiplet present, the abovementioned SO(8) gauged N = 8 supergravity (as well as its cousins with the non-compact analogues of SO(8)) form an example of this highly symmetric type of theories.

For theories of type 2, in which also vector multiplets are present, it is much harder to find examples with simple gauge groups that act irreducibly on all vector fields (including

– 2 – the “graviphotons”). Curiously, such theories do exist, however, as was first pointed out in [6] in the context of 5D, N = 2 supergravity coupled to vector multiplets. In [6, 7], such supergravity theories with vector multiplets and simple gauge groups that act irreducibly on all vector fields were called “unified Yang-Mills-Einstein supergravity theories” (unified YMESGTs), and their existence was studied in five dimensions [7]. It is easy to see that unified YMESGTs are impossible for 5D, N = 4 supergravity coupled to N = 4 vector multiplets [8], leaving N = 2 supergravity theories as the only possible candidates in five dimensions. As was shown in [7], if one restricts oneself to symmetric or homogeneous target spaces, there is precisely one 5D, N = 2 unified YMESGT, which describes the coupling of 14 vector multiplets to supergravity with the gauge group SU(3, 1) (which is 15-dimensional and, hence also involves the vector field from the gravity multiplet) [6]. Dropping this restriction to symmetric or homogeneous scalar manifolds, however, allows for an infinite tower of unified YMESGTs, in which the target spaces are non-homogeneous and the gauge groups are of the form SU(1, N) for arbitrary N ≥ 2.

Turning off the gauge coupling of a unified YMESGT gives a “unified Maxwell-Einstein supergravity theory” (unified MESGT), in which now a global simple symmetry group of the lagrangian acts irreducibly on all the vector fields. By contrast, not all unified MESGTs can be turned into unified YMESGTs, as not every global symmetry group can be gauged in extended supergravity. In this sense, unified YMESGTs derive, in general, only from a subset of the possible unified MESGTs. In [7], it was shown that, in five dimensions, there are precisely four unified MESGTs if one restricts oneself to symmetric or homogeneous target spaces. These four theories had been constructed in [9]. Again, relaxing the restriction to symmetric or homogeneous target spaces greatly increases the possibilities, and three infinite families of unified MESGTs as well as one exceptional one were found in [7]. Interestingly, all the known unified MESGTs and YMESGTs in five dimensions are in some way based on Jordan algebras, which hints at some deep mathematical structure that underlies these theories.

Motivated by the idea that physics may be effectively five-dimensional over some range of distance scales, possible compact gauge groups in five-dimensional, N = 2 supergravity theories with vector, tensor and hypermultiplets were studied and classified in [10]. The unified theories with noncompact gauge groups constructed in [7] extend greatly the options for noncompact gauge groups. Some interesting applications of some of the theories constructed and classified in [10] and [7] in the context of 5D GUT model building along the lines of [11] have recently been studied in [12].^1

Motivated by possible physical applications as well as the goal of uncovering further their connection to some deep underlying mathematical structures, we extend, in this paper, the analysis of [7] to N = 2 unified MESGTs and unified YMESGTs in four dimensions. A complete classification of such theories in four dimensions is complicated by the fact that the 4D U-duality group is in general realized only on-shell and that the prepotentials in 4D no longer have to be cubic polynomials. In this paper we will restrict our analysis to those 4D theories that can be obtained from known five-dimensional N = 2 MESGTs or

1See also [13, 14]

– 3 –

YMESGTs by dimensional reduction. The theories that have a five-dimensional origin are physically interesting for a number of reasons. They are relevant for describing the classical large volume limits of IIA string theory compactifications on Calabi-Yau manifolds (or for M-theory compactifications on certain singular Calabi-Yau manifolds times S^1 that lead to YMESGTs coupled to hypermultiplets [15 – 19]). Therefore, these theories are important for finding the M-theoretic origins of orbifold-GUTs. Furthermore the four-dimensional N = 2 no-scale supergravity models have their origins in five dimensions [20 – 22].

The organization of this paper is as follows. In sections 2 and 3 we review, respectively, the N = 2 MESGTs and the known classification of unified 5D MESGTs and YMESGTs. In section 4 we recall the bosonic lagrangian of the N = 2 MESGTs dimensionally reduced to four dimensions and discuss the very special geometries of these theories. Our main results are in section 5 where we give a classification of the 4D unified MESGTs and unified YMESGTs that originate from five dimensions. The conclusion section 6 summarizes our main results. Appendix A gives a review of basic facts about Jordan algebras and their symmetries that are relevant to our work. Appendix B gives a brief review of the symplectic formulation of four-dimensional N = 2 MESGTs.

2. 5D, N = 2 Maxwell-Einstein supergravity theories

In this section we briefly summarize the structure of general 5D, N = 2 Maxwell-Einstein supergravity theories (MESGTs) [9].^2

A 5D, N = 2 MESGT describes the coupling of ñ vector multiplets to minimal, N = 2 supergravity in five dimensions. The field content of the supergravity multiplet is given by the fünfbein e^m_μ , two gravitini Ψ^i_μ (i = 1, 2) and one vector field A_μ (the graviphoton). An N = 2 vector multiplet contains a vector field A_μ , two spin-1/2 fermions λ^i and one real scalar field φ. The fermions of each of these multiplets transform as doublets under the USp(2)_R ∼= SU(2)_R R-symmetry group of the N = 2 Poincaré superalgebra; all other fields are SU(2)_R-inert.

Putting everything together, the total field content of an N = 2 MESGT in 5D is thus � e^m_μ , Ψ^i_μ , A^Ĩ_μ , λ^{iã}, φ^{x̃} � (2.1)

with

Ĩ = 0, 1, . . . , ñ

ã = 1, . . . , ñ x̃ = 1, . . . , ñ .

As usual, we have combined the graviphoton with the ñ vector fields of the ñ vector multiplets into a single (ñ + 1)-plet of vector fields A^Ĩ_μ labelled by the index Ĩ. The indices ã, b̃, . . . and x̃, ỹ, . . . denote the flat and curved indices, respectively, of the ñ-dimensional target manifold, M, of the scalar fields.

2Our conventions coincide with those of ref. [9, 6, 23]. In particular, we will use the mostly positive metric signature (− + + + +) and impose the ‘symplectic’ Majorana condition on all fermionic quantities.

– 4 –

The bosonic part of the lagrangian is given by (for the fermionic part and further details we refer to [9])

e^{−1} L_{bosonic} = − 1 2 R − 1 4 ∘ a_{ĨJ̃} F^Ĩ_{μν} F^{J̃μν} − 1 2 g_{x̃ỹ}(∂_μ φ^{x̃})(∂^μ φ^ỹ) + + e^{−1} 6 √ 6 C_{ĨJ̃K̃} ε^{μνρσλ} F^Ĩ_{μν} F^{J̃}_{ρσ} A^{K̃}_λ , (2.2)

where e and R, respectively, denote the fünfbein determinant and scalar curvature of spacetime. F^Ĩ_{μν} are the abelian field strengths of the vector fields A^Ĩ_μ . The metric, g_{x̃ỹ}, of the scalar manifold M and the matrix^∘a_{ĨJ̃} both depend on the scalar fields φ^{x̃}. The completely symmetric tensor C_{ĨJ̃K̃} , by contrast, is constant.

As was observed in reference [9], the entire N = 2 MESGT (including the fermionic terms and the supersymmetry transformation laws that we have suppressed) is uniquely determined by C_{ĨJ̃K̃} [9]. More explicitly, C_{ĨJ̃K̃} defines a cubic polynomial, V(h), in (ñ + 1) real variables h^Ĩ (Ĩ = 0, 1, . . . , ñ),

V(h) := C_{ĨJ̃K̃} h^Ĩ h^{J̃} h^{K̃} . (2.3)

This polynomial defines a metric, a_{ĨJ̃} , in the (auxiliary) space R^{(ñ+1)} spanned by the h^Ĩ :

a_{ĨJ̃} (h) := − 1 3 ∂ ∂h^Ĩ ∂ ∂h^{J̃} ln V(h) . (2.4)

The ñ-dimensional target space, M, of the scalar fields φ^{x̃} can then be represented as the hypersurface [9] V(h) = C_{ĨJ̃K̃} h^Ĩ h^{J̃} h^{K̃} = 1 , (2.5)

with g_{x̃ỹ} being the pull-back of (2.4) to M:

g_{xy}(φ) = 3 2 (∂_xh^Ĩ )(∂_y h^{J̃} )a_{ĨJ̃} |_{V=1} . (2.6)

Finally, the quantity^∘a_{ĨJ̃} (φ) appearing in (2.2) is given by the componentwise restriction of a_{ĨJ̃} to M:_∘ a_{ĨJ̃} (φ) = a_{ĨJ̃} |_{V=1} .

The physical requirement of the positivity of the kinetic energy terms for the scalar and vector fields requires g_{x̃ỹ} and^∘a_{ĨJ̃} to be positive definite. This requirement induces constraints on the possible C_{ĨJ̃K̃} , and in [9] it was shown that any C_{ĨJ̃K̃} that satisfy these constraints can be brought, by a linear transformation, to the following form

C_{000} = 1 , C_{0ij} = − 1 2 δ_{ij} , C_{00i} = 0 , (2.7)

with the remaining coefficients C_{ijk} (i, j, k = 1, 2, . . . , ñ) being completely arbitrary. Such a basis is called a “canonical basis”. The arbitrariness of the C_{ijk} in a canonical basis implies that, for a fixed number ñ of vector multiplets, different target manifolds M are, in general, possible.

– 5 –

3. Unified MESGTs in five dimensions

In the previous section, we have treated the vector fields from the vector multiplets and the one that stems from the supergravity multiplet on an equal footing. A priori, this is of course just a formal procedure that nicely displays the underlying very special geometry of the theory. As was pointed out already in [9], however, for some very special tensors C_{ĨJ̃K̃} , the corresponding MESGTs can have surprisingly large symmetry groups, G, that are

(i) simple and

(ii) act irreducibly on all the vector fields, including the “graviphoton”.^3

As in [7], we refer to such theories as “unified MESGTs”. More precisely, a unified MESGT is a MESGT in which the coefficients C_{ĨJ̃K̃} form an invariant third rank tensor of a simple group G that acts irreducibly on both the vector fields A^Ĩ_μ and the embedding functions h^Ĩ of the very special geometry:

h^Ĩ → B^Ĩ_{J̃} h^{J̃} , A^Ĩ_μ → B^Ĩ_{J̃} A^{J̃}_μ (3.1)

with B^{Ĩ′}_Ĩ B^{J̃ ′}_{J̃} B^{K̃′}_{K̃} C_{Ĩ′J̃ ′K̃′} = C_{ĨJ̃K̃} .

As the entire lagrangian (2.2) is uniquely determined by the C_{ĨJ̃K̃} , any invariance of the C_{ĨJ̃K̃} is automatically a symmetry of the whole lagrangian.^4 On the scalar manifold M, such symmetry transformations act as isometries, which becomes evident if one rewrites the kinetic term for the scalar fields as [9, 24] − 1 2 g_{x̃ỹ}(∂_μ φ^{x̃})(∂^μ φ^ỹ) = 3 2 C_{ĨJ̃K̃} h^Ĩ ∂_μ h^{J̃} ∂^μ h^{K̃} ,

with the h^Ĩ being constrained according to (2.5). Hence, finding a unified MESGT is equivalent to finding an irreducible representation of a simple group G with an invariant symmetric tensor C_{ĨJ̃K̃} of rank three that gives rise to positive definite metrics g_{xy} and ∘ a_{ĨJ̃} (i.e., that can be brought to the canonical form (2.7)).

Before the work of reference [7], only four unified MESGTs in five dimensions were known. These are based on scalar manifolds that are symmetric spaces :

M = SL(3, R)/ SO(3) (ñ = 5) M = SL(3, C)/ SU(3) (ñ = 8) M = SU^∗(6)/ Usp(6) (ñ = 14) M = E_{6(−26)} /F_4 (ñ = 26), (3.2)

3It should be noted that it is the G-invariant linear combination h~_I F^Ĩ_{μν} that appears in the gravitino transformation law [9]. In a given spacetime background the h~_I are constant, in which case the combination h~_I A^Ĩ_μ might be called the “graviphoton”. Although it is not important for this paper, one can think of it as the vector field A^Ĩ_μ c~_I where c~_I is the basepoint at which^∘a~_I~_J |c = δ~_I~_J (see [9]).

4This statement is of course true for all symmetries of the C~_I~_J~_K , independently of whether G is simple or acts irreducibly on the A^Ĩ_μ and the h^Ĩ .

– 6 – where we have indicated the number of vector multiplets, ñ, for each of these theories. In these cases, the symmetry groups G of these theories are simply the isometry groups SL(3, R), SL(3, C), SU^∗(6) and E_{6(−26)} , respectively, under which the, respectively, 6, 9, 15 and 27 vector fields A^Ĩ_μ transform irreducibly [9]. Thus, according to our definition, all of these four theories are unified MESGTs.

The fact that these theories are based on symmetric target spaces certainly makes them a bit special. However, being a symmetric space and giving rise to a unified symmetry is by no means the same thing. For one thing, all the other symmetric spaces that are allowed in 5D, N = 2 MESGTs do not give rise to unified MESGTs. Indeed, it is easy to verify that the two other existing series of symmetric target spaces [9, 25], M = SO(ñ − 1, 1) SO(ñ − 1)

× SO(1, 1) , ñ ≥ 1 , (3.3) and M = SO(1, ñ) SO(ñ)

, ñ > 1 , (3.4)

do not give rise to any simple symmetry group that acts irreducibly on all the vector fields [9, 7]. Thus, among the theories based on symmetric spaces, only four are unified MESGTs (3.2).

Moreover, in [7], it was shown that there can also be unified MESGTs whose target manifolds are not symmetric spaces. In fact, these form the large majority of unified MESGTs, as there are infinitely many of them. Interestingly, these novel unified MESGTs do have something in common with the theories of the symmetric families (3.2) and (3.3): They are all related to Jordan algebras, albeit in a different way than the symmetric space theories (3.2) and (3.3).^5

In order to see this, let us recall the definition of a Jordan algebra (see also appendix A):

Definition 1. A Jordan algebra over a field F (which we take to be R or C) is an algebra, J, over F with a symmetric product, ∘,

X ∘ Y = Y ∘ X ∈ J , ∀ X, Y ∈ J , (3.5)

that satisfies the Jordan identity

X ∘ (Y ∘ X^2) = (X ∘ Y ) ∘ X^2 , (3.6)

where X^2 ≡ (X ∘ X).

The Jordan identity (3.6) is automatically satisfied when the product ∘ is associative, but (3.6) does not imply associativity. In other words, a Jordan algebra is commutative, but in general not associative. It is easy to verify that the hermitean operators acting in a Hilbert space form a Jordan algebra with the product “∘” being one half the anticommutator.^6 In fact, historically, Jordan algebras were introduced in an attempt to generalize the

5The third family of symmetric spaces (3.4), is not related to Jordan algebras. 6The prefactor one half in front of the anticommutator allows one to represent the identity element by a unit matrix for finite dimensional Jordan algebras. For the importance of the prefactor one half for different formulations of Jordan algebras see the book by McCrimmon [29].

– 7 – formalism of quantum mechanics by capturing the algebraic essence of hermitean operators corresponding to observables without reference to the underlying Hilbert space on which they act [26].

A particular subclass of Jordan algebras is formed by the euclidean Jordan algebras:

Definition 2. A euclidean (or formally real) Jordan algebra is a Jordan algebra for which the condition X∘X+Y ∘Y = 0 implies that X = Y = 0 for all X, Y ∈ J. The automorphism groups of euclidean Jordan algebras are always compact, which suggests the alternate name “compact Jordan algebras” as is sometimes used in the literature.

For every Jordan algebra J, one can define a norm form, N : J → R, that satisfies the composition property [27]

N[2X ∘ (Y ∘ X) − (X ∘ X) ∘ Y ] = N^2(X)N(Y ) . (3.7)

The degree, p, of the norm form is defined by N(λX) = λ^pN(X), where λ ∈ R; p is also called the degree of the Jordan algebra.

It was shown in [9] that the norm form, N, of a euclidean Jordan algebra of degree three (p = 3) can be identified with the cubic polynomial, V, of a physically sensible MESGT. More precisely, the cubic polynomials of euclidean Jordan algebras of degree three satisfy all the constraints required by supersymmetry and the positivity of kinetic terms. In addition, these polynomials satisfy another relation, called the adjoint identity, which implies that the corresponding scalar manifolds are symmetric spaces of the form M = Str_0(J) Aut(J) , where Str_0(J) and Aut(J) denote, respectively, the reduced structure and automorphism groups of the underlying Jordan algebra^7 [9, 28]. The MESGTs whose cubic polynomials arise in this way, are precisely the first two families (3.2) and (3.3). The relevant Jordan algebras are

1. The “magical Jordan family” (3.2)^8 corresponds to the four simple euclidean Jordan algebras of degree 3. These simple Jordan algebras are denoted by J^R_3 , J^C_3 , J^H_3 , J^O_3 and are isomorphic to the hermitean (3 × 3)-matrices over the four division algebras R, C, H, O with the product being one half the anticommutator:

J^R_3 : M = SL(3, R)/ SO(3) (ñ = 5) J^C_3 : M = SL(3, C)/ SU(3) (ñ = 8) J^H_3 : M = SU^∗(6)/ USp(6) (ñ = 14) J^O_3 : M = E_{6(−26)} /F_4 (ñ = 26) . (3.8)

7The reduced structure group Str0(J) is simply the invariance group of the norm form, N, of the corresponding Jordan algebra J. As such, it is, for the above Jordan algebras, isomorphic to the symmetry group G of the corresponding MESGTs.

8The name “magical” derives from the deep connection with the “magic square” of Freudenthal, Rosenfeld and Tits [30].

– 8 –

The cubic norm form, N, of these Jordan algebras is given by the determinant of the corresponding hermitean (3 × 3)-matrices.

2. For the “generic Jordan family” (3.3), the scalar manifolds factorize: M = SO(ñ − 1, 1) SO(ñ − 1)

× SO(1, 1) .

This is also reflected in the underlying Jordan algebras, which are now reducible and of the form J = R ⊕ Σ_ñ. Here, Σ_ñ is a Jordan algebra of degree p = 2 associated with a quadratic norm form in ñ dimensions that has a “minkowskian signature” (+, −, . . . , −). A simple realization of Σ_ñ is provided by (ñ − 1) Dirac gamma matrices γ^i , where i, j, . . . = 1, . . . , (ñ − 1) of an (ñ − 1) dimensional euclidean space together with the identity matrix γ^0 = 1, and the Jordan product ∘ being one half the anticommutator:

γ^i ∘ γ^j = 1 2 {γ^i, γ^j } = δ^{ij} 1

γ^0 ∘ γ^0 = 1 2 {γ^0, γ^0} = 1

γ^i ∘ γ^0 = 1 2 {γ^i, γ^0} = γ^i . (3.9)

The norm of a general element X = X_0γ^0 + X_iγ^i of Σ_ñ is defined as

N(X) = 1 2^{[ñ/2]}

Tr XX̄ = X_0X_0 − X_iX_i ,

where X̄ ≡ X_0γ^0 − X_iγ^i .

The norm of a general element y ⊕ X of the non-simple Jordan algebra J = R ⊕ Σ_ñ is simply given by yN(X).

Thus, identifying the cubic polynomial V defined by the supergravity coefficients C_{ĨJ̃K̃} with the norm form, N, of a euclidean Jordan algebra of degree three yields precisely the MESGTs based on the scalar manifolds (3.2) and (3.3).

Let us now describe how the novel unified MESGTs found in [7] are related to Jordan algebras. In those theories, one does not relate the C_{ĨJ̃K̃} to the norm form, N, of a euclidean Jordan algebra of degree three, but instead one relates them to the structure constants of a lorentzian Jordan algebra.^9

Let us make this more precise. We first note that all the Jordan algebras of (n × n) hermitean matrices over various division algebras are euclidean (compact) Jordan algebras, which implies that their automorphism groups are compact. In particular, the Jordan algebras of degree 3 discussed in 1. and 2. are all euclidean. The three Jordan algebras J^{A=R,C,H}

3 described in 1. are just special cases of the Jordan algebras of the (n×n) hermitean

9In [7] the lorentzian Jordan algebras were called minkowskian Jordan algebras.

– 9 – matrices over R, C, H.^{10} These higher-dimensional analogues are also all euclidean Jordan algebras with compact automorphism groups. Their norm forms, N, are again given by the determinants of the matrices, which implies that the degree of J^A_n is n, singling out J^A_3 as the only members of these families with cubic norms.

Now, the euclidean Jordan algebras J^{A=R,C,H}_n and J^O_3 also have non-euclidean analogues J^{A=R,C,H}

(q,n−q) (again with n ≥ 3 ) and J O (1,2), respectively. These non-euclidean Jordan algebras

are realized by matrices that are hermitean with respect to a non-euclidean “metric” η with signature (q, n − q):

(ηX)^† = ηX ∀X ∈ J^A_{(q,n−q)} . (3.10)

Obviously, if we choose η to have a euclidean signature, we obtain back the euclidean (compact) Jordan algebras.

Consider now lorentzian Jordan algebras J^A_{(1,N)} with degree p = N + 1 defined by choosing η to be the lorentzian (or “minkowskian”) metric η = (−, +, +, . . . , +). A general element, U, of J^A_{(1,N)} can be written in the form

U = � x −Y^† Y Z � , (3.11)

where Z is an element of the euclidean subalgebra J^A_N (i.e., it is a hermitean (N ×N)-matrix over A), x ∈ R, and Y denotes an N-dimensional column vector over A. Under their (noncompact) automorphism group, Aut(J^A_{(1,N)}), these simple Jordan algebras J^A_{(1,N)} decompose into an irreducible representation formed by the traceless elements plus a singlet, which is given by the identity element of J^A_{(1,N)} (i.e., by the unit matrix U = 1):

J^A_{(1,N)} = 1 ⊕ {traceless elements} ≡ 1 ⊕ J^A_{(1,N)0} . (3.12)

The traceless elements do not close under the Jordan product, ∘, but one can define a symmetric product, ⋆, under which the traceless elements do close as follows:^{11}

A ⋆ B := A ∘ B − 1 (N + 1) tr(A ∘ B)1

where A, B ∈ J^A_{(1,N)0} and ∘ is the Jordan product

A ∘ B = 1 2 (AB + BA) .

Thus, the structure constants (d-symbols) of the traceless elements under the symmetric ⋆ product will be invariant tensors of the automorphism groups Aut(J^A_{(1,N)}) of the Jordan

10Hermitean (n × n) matrices over the octonions do not form Jordan algebras for n > 3. 11Such a product was introduced among the hermitean generators of SU(N) by Michel and Radicati some time ago [31]. Note that hermitean generators of SU(N) are in one-to-one correspondence with the traceless elements of J^C_N . The “symmetric” algebras with the star product ⋆ do not have an identity element.

– 10 – algebras. Denoting the traceless elements as T_Ĩ (Ĩ = 0, . . . , (D − 2)) with D being the dimension of J^A_{(1,N)}, we have T_Ĩ ⋆ T_{J̃} = d^{K̃}_{ĨJ̃} T_{K̃} .

The d-symbols are then given by

d_{ĨJ̃K̃} ≡ d^{L̃}_{J̃K̃} τ_{L̃Ĩ} = 1 2 tr(T_Ĩ {T_{J̃} , T_{K̃} }) = tr(T_Ĩ ∘ (T_{J̃} ∘ T_{K̃} )) , (3.13)

where^{12} τ_{L̃Ĩ} = tr(T_{L̃} ∘ T_Ĩ ) .

The d_{ĨJ̃K̃} are completely symmetric in their indices, and as Aut(J^A_{(1,N)}) acts irreducibly on the traceless elements T_Ĩ , the d_{ĨJ̃K̃} are a promising candidate for the C_{ĨJ̃K̃} of a unified MESGT. What remains to check, however, is whether the metrics g_{x̃ỹ} and^∘a_{ĨJ̃} on the resulting scalar manifold M are really positive definite. It was shown in [7] that this is true if and only if the signature of η is really (−, +, . . . , +).

Thus, putting everything together, if one identifies the d-symbols (3.13) of the traceless elements of a lorentzian Jordan algebra J^A_{(1,N)} with the C_{ĨJ̃K̃} of a MESGT: C_{ĨJ̃K̃} = d_{ĨJ̃K̃} , one obtains a unified MESGT, in which all the vector fields transform irreducibly under the simple automorphism group Aut(J^A_{(1,N)}) of that Jordan algebra.

For A = R, C, H one obtains in this way three infinite families of physically acceptable unified MESGTs (one for each N ≥ 2). For the octonionic case, the situation is a bit different. The d-symbols of the octonionic lorentzian hermitean (N + 1) × (N + 1)-matrices with the anticommutator product all lead to positive definite metrics g_{x̃ỹ} and^∘a_{ĨJ̃} , i.e., to physically acceptable MESGTs. For N ≠ 2, however, these octonionic hermitean matrix algebras are no longer Jordan algebras. Surprisingly, the automorphism groups of these octonionic algebras for N ≥ 3 do not contain the automorphism group F_{4(−20)} of J^O_{(1,2)} as a subgroup [32]. Instead, the automorphism groups for N ≥ 3 are direct product groups of the form SO(N, 1) × G_2. None of these two factors acts irreducibly on all the traceless elements, and hence the corresponding N = 2 MESGTs are not unified theories. Thus, the N = 2 MESGT defined by the exceptional lorentzian Jordan algebra J^O_{(1,2)} is the only unified MESGT of this infinite tower of otherwise acceptable octonionic theories.

All these results are summarized in table 1, which lists all the simple lorentzian Jordan algebras of type J^A_{(1,N)}, their automorphism groups, and the numbers of vector and scalar fields in the unified MESGTs defined by them.

Note that the number of vector fields for the theories defined by J^R_{(1,3)}, J^C_{(1,3)} and J^H_{(1,3)} are 9, 15 and 27, respectively. These are exactly the same numbers of vector fields in the magical theories based on the norm forms of the euclidean Jordan algebras J^C_3 , J^H_3 and J^O_3 , respectively. As was shown in [7], this is not an accident; the magical MESGTs based on J^C_3 , J^H_3 and J^O_3 found in [9] are equivalent (i.e. the cubic polynomials V(h) agree) to the ones defined by the lorentzian algebras J^R_{(1,3)}, J^C_{(1,3)} and J^H_{(1,3)}, respectively. This is a

12One can choose the elements T~_I such that τ~_I~_J = δ~_I~_J (τ~_I~_J = −δ~_I~_J ) for two compact (noncompact) elements T~_I and T~_J and zero otherwise.

– 11 –

J D Aut(J) No. of vector fields No. of scalars J^R_{(1,N)}^1_2 (N + 1)(N + 2) SO(N, 1)^1_2 N(N + 3)^1_2 N(N + 3) − 1 J^C_{(1,N)} (N + 1)^2 SU(N, 1) N(N + 2) N(N + 2) − 1 J^H_{(1,N)} (N + 1)(2N + 1) USp(2N, 2) N(2N + 3) N(2N + 3) − 1 J^O_{(1,2)} 27 F_{4(−20)} 26 25

Table 1: List of the simple lorentzian Jordan algebras of type J^A_{(1,N)}. The columns show, respectively, their dimensions D, their automorphism groups Aut(J^A_{(1,N)}), the number of vector fields (ñ + 1) = (D − 1) and the number of scalars ñ = (D − 2) in the corresponding MESGTs.

consequence of the fact that the generic norms of the degree 3 simple euclidean Jordan algebras J^C_3 , J^H_3 and J^O_3 coincide with the cubic norms defined over the traceless elements of degree four simple Lorentzian Jordan algebras over R, C and H [7, 33]. This implies that the only known unified MESGT that is not covered by the above table is the magical theory of [9] based on the euclidean Jordan algebra J^R_3 with (ñ + 1) = 6 vector fields and the target space M = SL(3, R)/ SO(3).

Of these unified MESGTs only the family defined by J^C_{(1,N)} can be gauged so as to obtain an infinite family of unified YMESGTs with the gauge groups SU(N, 1) [7].

Except for the theories defined by J^R_{(1,3)}, J^C_{(1,3)} and J^H_{(1,3)} the scalar manifolds of MES- GTs defined by other simple lorentzian Jordan algebras are not homogeneous. Let us therefore close this section with a short description of their geometry.

To this end, one recalls that the scalar manifolds M of lorentzian Jordan algebraic theories in five dimensions are cubic surfaces defined by the condition

V(h) = C_{ĨJ̃K̃} h^Ĩ h^{J̃} h^{K̃} = 1 ,

where C_{ĨJ̃K̃} are the structure constants C_{ĨJ̃K̃} ≡ d_{ĨJ̃K̃} of the traceless elements of the lorentzian Jordan algebra J^A_{(1,N)}.

Let us now show that the scalar manifolds of 5D unified MESGTs defined by lorentzian Jordan algebras J^A_{(1,N)} for N ≥ 2 can be embedded in the coset spaces

R = Str_0(J^A_{(1,N)}) Aut(J^A_{(1,N)}) ,

where, just as above, Str_0(J) and Aut(J) denote, respectively, the reduced structure and automorphism groups of the Jordan algebra J. First the coset space R itself can be realized as a hypersurface in an (ñ + 2)-dimensional ambient space with coordinates ξ^A (A, B = 0, 1, . . . , ñ + 1) and metric

G_{AB} (ξ) := − 1 3 ∂ ∂ξ^A ∂ ∂ξ^B ln P(ξ) , (3.14)

where P(ξ) = C_{AB...D} ξ^Aξ^B · · · ξ^D

– 12 – is the generic norm form of the (ñ + 2)-dimensional Jordan algebra J^A_{(1,N)} defined by a completely symmetric tensor C_{AB...D} of rank N + 1.

The (ñ + 1)-dimensional hypersurface, R, is defined by the condition

P = C_{AB...D} ξ^Aξ^B · · · ξ^D = 1 . (3.15)

Since the norm forms of the Jordan algebras J^A_{(1,N)} are determinental forms, the norm P of an element J can be expanded in terms of the products of traces, Tr(J^m) of the powers of J (m = 1, 2, . . . , N + 1). A general element, J, of J^A_{(1,N)} can be decomposed as

J = ξ^{ñ+1}1 + e_Ĩ h^Ĩ

where 1 is the identity element and e_Ĩ (with Ĩ = 0, . . . ñ + 1) form a basis of traceless elements of J^A_{(1,N)}.^{13}. Now the norm P depends on one more parameter, namely ξ^{ñ+1}, than the cubic form V and hence one can simultaneously impose the conditions

P = 1 and V = 1 ,

showing that the scalar manifold of a unified MESGT defined by a lorentzian Jordan algebra can be mapped into a cubic hypersurface in the coset space R = Str_0(J^A_{(1,N)}) Aut(J^A_{(1,N)}) . We list the coset spaces R defined by lorentzian Jordan algebras below:

R(J^R_{(1,N)}) =

SL(N + 1, R) SO(N, 1)

R(J^C_{(1,N)}) =

SL(N + 1, C) SU(N, 1)

R(J^H_{(1,N)}) =

SU^∗(2N + 2) USp(2N, 2) . 4. Dimensional reduction of 5D, N = 2 MESGTs to four dimensions

In the previous section we have listed the known unified MESGTs in five dimensions, as given in [7]. Interestingly, all of these theories are related to Jordan algebras, but only four of them are based on symmetric target spaces. It is the purpose of this paper, to study unified MESGTs (and YMESGTs) in four space-time dimensions. A complete classification of these theories would be quite a complicated problem due to two novel features of MESGTs in four dimensions:

(i) The prepotentials of the special geometry are, in general, no longer purely cubic polynomials.

13In terms of the coordinates ξ^A(A = 0, 1, . . . , ñ + 1) we are identifying ξ^Ĩ with h^Ĩ (Ĩ = 0, 1, . . . , ñ).

– 13 –

(ii) They are subject to symplectic reparametrizations that may lead to lagrangians with different symmetries.

In order to cope with the first difficulty, we will restrict ourselves to those 4D theories that can be obtained from five dimensions by dimensional reduction. Some of the physical motivations for this were given above. The resulting “very special” Kähler manifolds in 4D are then based on cubic prepotentials.

In this section, we will briefly review the dimensional reduction of the 5D, N = 2 MESGTs to four dimensions. As we did in the above section we shall restrict ourselves to the purely bosonic sector of these theories. We should stress again that by far not all four-dimensional MESGTs can be obtained by dimensional reduction from five dimensions. The metric of the target space of the four-dimensional scalar fields of dimensionally reduced theories were first obtained in [9] where a complete list of the symmetric target manifolds of theories defined by Jordan algebras were also given. These manifolds as well as those of the generic non-Jordan family [25] were later studied in [24, 34], where it was pointed out that not all the isometries of the scalar manifolds of the generic non-Jordan family are symmetries of the lagrangian.

As in [9], we choose the parametrization for the fünfbein to be^{14}

ê^{m̂}_{μ̂} = � e^{− σ}2 e^m_μ 2e^σ W_μ 0 e^σ � , (4.1)

and decompose the vector fields Â^Ĩ_{μ̂} into a 4D vector field, A^Ĩ_μ , and a 4D scalar, A^Ĩ ,

Â^Ĩ_{μ̂} = � Â^~I_μ Â^~I_5 � = � A^Ĩ_μ + 2W_μ A^Ĩ A^Ĩ � . (4.2)

Using this decomposition, the dimensionally reduced lagrangian becomes

e^{−1} L = − 1 2 R − 3 4 ∂_μ σ∂^μ σ − 1 2 e^{−2σ ∘}a_{ĨJ̃} ∂_μ A^Ĩ ∂^μ A^{J̃} − 1 2 g_{x̃ỹ}∂_μ ϕ^{x̃}∂^μ ϕ^ỹ − � 1 2 e^{3σ} + e^{σ ∘}a_{ĨJ̃} A^Ĩ A^{J̃} � W_{μν} W^{μν} − 1 4 e^{σ ∘}a_{ĨJ̃} F^Ĩ_{μν} F^{μν J̃} − e^{σ ∘}a_{ĨJ̃} A^Ĩ F^{J̃}_{μν} W^{μν} + + e^{−1} 2 √ 6 C_{ĨJ̃K̃} ϵ^{μνρσ} � A^Ĩ F^{J̃}_{μν} F^{K̃}_{ρσ} + 2A^Ĩ A^{J̃} F^{K̃}_{μν} W_{ρσ} + 4 3 A^Ĩ A^{J̃} A^{K̃} W_{μν} W_{ρσ} � , where F^Ĩ_{μν} = 2∂_{[μ} A^Ĩ_{ν]} are the Kaluza-Klein-invariant field strengths and W_{μν} = 2∂_{[μ} W_{ν]}. The kinetic energy term of the scalar fields can be written as [9]

e^{−1} L_S = − 1 2 � ã_{ĨJ̃} ∂_μ h̃^Ĩ ∂^μ h̃^{J̃} + 2 3 ã_{ĨJ̃} ∂_μ A^Ĩ ∂^μ A^{J̃} � , where we have defined ã_{ĨJ̃} =^3_2 e^{−2σ ∘}a_{ĨJ̃} , and h̃^Ĩ = e^σ h^Ĩ . We note that

C_{ĨJ̃K̃}h̃^Ĩh̃^{J̃}h̃^{K̃} = e^{3σ} > 0 .

14In the rest of the paper we shall use hatted indices for the 5D vectors, i.e μ̂, ν̂, . . . = 0, 1, 2, 3, 4 and use unhatted indices for four-dimensional vectors, i.e μ, ν, . . . = 0, 1, 2, 3 .

– 14 –

4.1 Very special Kähler geometry and global symmetries The above lagrangian can be recast in the language of (very) special Kähler geometry [35] by defining the complex coordinates [9],

z^Ĩ := 1 √ 3 A^Ĩ + i √ 2 h̃^Ĩ , (4.3)

where h̃^Ĩ := e^σ h^Ĩ . (4.4)

These (ñ + 1) complex coordinates z^Ĩ can be interpreted as the inhomogeneous coordinates corresponding to the (ñ + 2)-dimensional complex vector^{15}

X^A = � X^{ˇ0} X^Ĩ � = � 1 z^Ĩ � . (4.5)

Introducing the “prepotential”

F (X^A) = − √ 2 3 C_{ĨJ̃K̃}

X^Ĩ X^{J̃} X^{K̃}

X^{ˇ0}

(4.6)

and the symplectic section � X^A F_A � ≡ � X^A ∂_AF � (4.7)

one can define a Kähler potential

K(X, X̄) := − ln[i X̄^AF_A − iX^AF̄_A] (4.8)

= − ln � i √ 2 3 C_{ĨJ̃K̃} (z^Ĩ −z̄^Ĩ )(z^{J̃} −z̄^{J̃} )(z^{K̃} −z̄^{K̃} ) � (4.9)

and a “period matrix”

N_{AB} := F̄_{AB} + 2i

Im(F_{AC} )Im(F_{BD})X^C X^D Im(F_{CD})X^C X^D

, (4.10)

where F_{AB} ≡ ∂_A∂_B F etc. The particular (“very special”) form (4.6) of the prepotential leads to g_Ĩ ¯_{J̃} ≡ ∂_Ĩ ∂¯_{J̃} K = 3 2 e^{−2σ ∘}a_{ĨJ̃} (4.11)

for the Kähler metric, g_Ĩ ¯_{J̃} , on the scalar manifold M^{(4)} of the four-dimensional theory, and

Nˇ_0ˇ_0 = − 2 √ 2 9 √ 3 C_{ĨJ̃K̃} A^Ĩ A^{J̃} A^{K̃} − i 3 � e^{σ ∘}a_{ĨJ̃} A^Ĩ A^{J̃} + 1 2 e^{3σ} � (4.12)

N_{ˇ0Ĩ} = √ 2 3 C_{ĨJ̃K̃} A^{J̃} A^{K̃} + i √ 3 e^{σ ∘}a_{ĨJ̃} A^{J̃} (4.13)

N_{ĨJ̃} = − 2 √ 2 √ 3 C_{ĨJ̃K̃} A^{K̃} − ie^{σ ∘}a_{ĨJ̃} (4.14)

15We label the top component of X^A as ˇ0 so as to distinguish it from the zeroth component X^0 of X^Ĩ .

– 15 – for the period matrix N_{AB}. Defining

F^{ˇ0}_{μν} := −2 √ 3W_{μν} , (4.15)

the dimensionally reduced lagrangian (4.3) simplifies to

e^{−1} L^{(4)} = − 1 2 R − g_Ĩ ¯_{J̃} (∂_μ z^Ĩ )(∂^μz̄^{J̃} ) + + 1 4 Im(N_{AB})F^A_{μν} F^{μνB} − 1 8 Re(N_{AB})ϵ^{μνρσ} F^A_{μν} F^B_{ρσ} . (4.16)

The scalar fields z^Ĩ are restricted to the domain V(Im(z)) > 0. As was shown in [9], the scalar manifolds of the 4D, N = 2 MESGTs obtained by dimensional reduction from five dimensions are simply the generalized “upper half planes” with respect to the cubic form for all the MESGTs. For those theories defined by euclidean Jordan algebras of degree 3 they are the Köcher upper half planes of the corresponding Jordan algebras. These are sometimes known as Siegel domains of the first kind. Cecotti showed that the more general class of homogeneous (not necessarily symmetric) scalar manifolds of 4D MESGTs are also Siegel domains of the first kind [36]. The upper half planes of the Jordan algebras can be mapped into bounded symmetric domain, which can be realized as hermitean symmetric spaces. For the Jordan algebras of degree 3, we list the scalar manifolds of the corresponding 4D MESGTs describing the coupling of (ñ + 1) vector multiplets to supergravity in the table below [9]:

J^R_3 : M = Sp(6, R)/ U(3) (ñ + 1 = 6) J^C_3 : M = SU(3, 3)/ S(U(3) × U(3)) (ñ + 1 = 9) J^H_3 : M = SO^∗(12)/ U(6) (ñ + 1 = 15) J^O_3 : M = E_{7(−25)} /E_6 × U(1) (ñ + 1 = 27)

J = (R ⊕ Σ_ñ) : M =

SO(ñ, 2) × SO(2, 1) SO(ñ) × SO(2) × SO(2)

(ñ + 1) . (4.17)

In [37], isometries of general homogeneous manifolds of very special real, Kähler and quaternionic type were studied. More specifically , the authors of [37] first classified very special real scalar manifolds of 5D, N = 2 MESGTs that are homogeneous , but not necessarily symmetric. They then studied the isometries of very special Kähler and quaternionic spaces that follow from the dimensional reduction of those 5D theories to four and three dimensions, respectively. They confirmed and generalized the earlier results showing that there is a map, r, from very special real manifolds of dimension ñ to very special Kähler manifolds of complex dimension ñ + 1, and a map, c, from special Kähler manifolds of complex dimension ñ+1 to special quaternionic manifolds of quaternionic dimension ñ+2. This phenomenon was first observed for theories originating from 5D MESGTs defined by Jordan algebras of degree 3 with symmetric target spaces [9].

Upon dimensional reduction from five dimensions, the resulting lagrangian is still invariant under the action of the symmetry group, G, of C_{ĨJ̃K̃} . Its action on the complex scalars z^Ĩ parameterizing the Kähler manifold is simply

δz^Ĩ = B^Ĩ_{J̃} z^{J̃} ,

– 16 – which leaves the Kähler potential K(z,z̄) = − ln V(z −z̄) + const., invariant. The vector fields A^A_μ transform in a reducible representation under G, with the components transforming as

δA^Ĩ_μ = B^Ĩ_{J̃} A^{J̃}_μ δW_μ = 0 .

Under shifts of the scalars A^Ĩ → A^Ĩ + b^Ĩ , which come from the vector fields in five dimensions, the Kähler potential is manifestly invariant. Furthermore, one finds that under real constant shifts of the scalar fields

z^Ĩ → z^Ĩ + b^Ĩ ,

together with the shifts F^Ĩ_{μν} → F^Ĩ_{μν} − 2W_{μν} b^Ĩ

the reduced lagrangian is also invariant up to surface terms which are interpreted as shifts of the theta angle of the 4D supersymmetric theory. Furthermore, for any dimensionally reduced supergravity theory, there is also a scaling symmetry SO(1, 1), whose generator is denoted as β. It acts as X^{ˇ0} → e^β X^{ˇ0}, X^Ĩ → e^{− β}3 X^Ĩ .

The authors of [37] also elucidated the conditions under which the additional, “hidden”, isometries, with infinitesimal parameters a^Ĩ , exist which do not have a clear origin from the dimensional reduction of the 5D theories. The number of hidden isometries is determined by the maximal number of non-zero parameters in a_0, . . . , a_n that satisfy

a_{M̃} E^{M̃}_{ĨJ̃K̃L̃} = 0 , (4.18)

where E^{M̃}_{ĨJ̃K̃L̃} := −27 (V(h̃))^2

C^{ẼF̃ M̃} C_{Ẽ(ĨJ̃} C_{K̃L̃)F̃} − δ^{M̃}_{(Ĩ} C_{J̃K̃L̃)} and C^{ẼF̃ M̃} ≡^∘a

ẼĨ ∘

a^{F̃ J̃ ∘}a^{M̃K̃} C_{ĨJ̃K̃} (4.19) V(h̃) ≡ C_{ĨJ̃K̃}h̃^Ĩh̃^{J̃}h̃^{K̃} = e^{3σ} . (4.20)

We should note that whereas C_{ĨJ̃K̃} are constant, C^{ĨJ̃K̃} are scalar field dependent in general. As was shown in [37] all the isometries of the scalar manifold extend to the full generalized duality group of the MESGT in four dimensions.

The Lie algebra of the full set of isometries has a three-graded decomposition with respect to the eigenvalues of the scale symmetry generator β :

W = W^{−1} ⊕ W^0 ⊕ W^{+1} , (4.21)

where W^0 consists of the generators of B^Ĩ_{J̃} and β, W^{−1} is associated with the real parameters a^Ĩ , and W^{+1} is associated with the real parameters b^Ĩ .

– 17 –

It was originally stated in [21] that the subalgebra

W^0 ⊕ W^{+1}

is the maximal symmetry subalgebra of the full duality group under which the lagrangian is invariant and, hence, to obtain N = 2 YMESGTs one may then try to gauge subgroups of this parabolic subgroup. However this statement is true only for the symplectic section of the theory that comes from direct dimensional reduction [37]. For example, for symmetric scalar manifolds the full duality group has negative grade generators and, via dualizations of the vector fields, one can go to different symplectic sections of the respective N = 2 MESGT such that the lagrangian becomes invariant under other subgroups of the full duality group generated by W that are not subgroups of the parabolic group generated by W^0 ⊕ W^{+1} as will be discussed in the next section.

The Lie algebras W of the isometries of the symmetric scalar manifolds of fourdimensional theories obtained from those 5D theories defined by euclidean Jordan algebras of degree three can be identified with the Lie algebras of the conformal (or “linear fractional”) groups of the corresponding Jordan algebras. As explained in appendix A, the conformal groups of Jordan algebras are generated by translations, T_J , special conformal generators, K_J , and the generators of the structure group (which is simply the direct product of the generalized “Lorentz group” of the Jordan algebra and dilatations, as explained in appendix A). The conformal Lie algebra of J has a 3-graded decomposition with respect its structure algebra Conf(J) = T_J ⊕ str(J) ⊕ K_J ,

which coincides with the three grading of W (eq. (4.21)) by identification of the dilatation generator with β. The Köcher upper half-space (J +iJ_+) of a Jordan algebra is spanned by complexified elements of the form X + iY where X, Y ∈ J such that Y has positive norm. The upper half-space of a euclidean Jordan algebra J can be mapped into the hermitean symmetric space [38]

(J + iJ_+) ⇐⇒

Conf(J) K(J) , where K(J) is the subgroup generated by the derivations (“rotations”) and generators of the form (T_J − K_J ). For euclidean Jordan algebras K(J) turns out to be the maximal compact subgroup of Conf(J). For the MESGTs defined by euclidean Jordan algebras of degree three, the corresponding symmetric spaces were listed in (4.17).

The scalar manifolds, M_4, of the four-dimensional theories obtained by dimensionally reducing a 5D unified MESGT defined by lorentzian Jordan algebras are, in general, the “upper half-spaces of cubic hypersurfaces” defined by d_{ĨJ̃K̃} . The complex coordinates of M_4 can be written as

z^Ĩ = � 1 2 � � 2 3 A^Ĩ + ih̃^Ĩ �

such that d_{ĨJ̃K̃}h̃^Ĩh̃^{J̃}h̃^{K̃} > 0 ,

– 18 –

J Conf(J) K(J) J^R_{(1,N)} Sp(2N + 2, R) SU(N, 1) × U(1) J^C_{(1,N)} SU(N + 1, N + 1) SU(N, 1) × SU(N, 1) × U(1) J^H_{(1,N)} SO^∗(4N + 4) SU(2N, 2) × U(1) J^O_{(1,2)} E_{7(−25)} E_{6(−14)} × U(1)

Table 2: List of the simple lorentzian Jordan algebras of type J^A_{(1,N)} and their conformal (Möbius) groups and their subgroups K(J).

J Aut(J)�T_J M_4 J^R_{(1,3)} SO(3, 1)�T_9 Sp(6, R)/ U(3) J^C_{(1,3)} SU(3, 1)�T_{15} SO^∗(12)/ U(6) J^H_{(1,3)} USp(6, 2)�T_{27} E_{7(−25)} /E_6 × U(1)

Table 3: Simple lorentzian Jordan algebras of type J^A_{(1,3)} for A = R, C, H. The second column lists the manifest isometries and third column lists the scalar manifolds of N = 2 MESGTs in 4D defined by them.

with its metric given by equation (4.11). Formally we can write

M_4 ⇐⇒ A + ih̃ ,

where A = e_Ĩ A^Ĩ and h̃ = e_Ĩh̃^Ĩ are traceless elements of the lorentzian Jordan algebra such that A is unconstrained otherwise and h̃ has positive cubic norm. From this it is evident that the scalar manifold M_4 can be mapped into a subspace of the Koecher upper half space of the full Jordan algebra J^A_{(1,N)} spanned by elements of the form X + iY where X and Y are general elements (not necessarily traceless) of the Jordan algebra J^A_{(1,N)} such that the standard norm P(Y ) of degree N + 1 of the element Y is positive. The upper half-planes of the Jordan algebras J^A_{(1,N)}, with an appropriately defined metric, can be identified with the coset spaces of the form Conf(J^A_{(1,N)}) K(J^A_{(1,N)}) . In table 2 we give the list of the groups that underlie these spaces for all lorentzian Jordan algebras J^A_{(1,N)}.

As was discussed in section 2, the cubic form defined over the traceless elements of the lorentzian Jordan algebras J^R_{(1,3)}, J^C_{(1,3)} and J^H_{(1,3)} coincide with the generic cubic norms of degree three euclidean Jordan algebras J^C_3 , J^H_3 and J^O_3 , respectively. Hence for the N = 2 MESGTs defined by J^R_{(1,3)}, J^C_{(1,3)} and J^H_{(1,3)} the scalar manifolds are the symmetric spaces listed in table 3.

5. Unified MESGTs and YMESGTs in four dimensions

In this section, we will give a classification of four-dimensional unified N = 2 MESGTs and

– 19 –

YMESGTs. Since a full classification of four-dimensional MESGTs with non-homogeneous scalar manifolds and non-trivial isometry groups does not yet exist we will restrict our classification to theories with homogeneous scalar manifolds and those theories with nonhomogeneous manifolds defined by lorentzian Jordan algebras. As mentioned earlier, the analysis in four dimensions is more complicated than in five due to the fact that the full U-duality group, U, is an on-shell symmetry and not the symmetry of the lagrangian in four dimensions. The electric field strengths F^{A μν} together with the magnetic (dual) field strengths G_{A μν} form a representation of the U-duality group U, which may be reducible. We shall call a MESGT in 4D unified if the electric field strengths F^{A μν} , including that of the graviphoton, form an irreducible representation of a simple symmetry group G of the lagrangian. Since, in 4D, massless vector fields are dual to other vector fields, we have some freedom in choosing electric field strengths versus the magnetic field strengths. By dualizing some of the vector fields one can obtain some real linear combinations of the (F^{A μν} and ∗(G)_{A μν} ) to be the new electric field strengths. In so doing one also changes the subgroup G of the full U-duality group that is a symmetry of the lagrangian. This phenomenon can best be explained by the example of maximal supergravity. The five-dimensional N = 8 supergravity with U-duality group E_{6(6)} yields, upon dimensional reduction to four dimensions, the parabolic group

[E_{6(6)} × SO(1, 1)]�T_{27}

as the symmetry of the lagrangian.^{16} However we know that by dualization one can obtain SL(8, R) [39] or SU^∗(8) [40, 41] as the symmetry of the lagrangian. We should stress that both SL(8, R) and SU^∗(8) are subgroups of the full U-duality group E_{7(7)} under which electric and magnetic fields transform in 28 and ~28, which are real representations of SL(8, R) and SU^∗(8), respectively. Even though SU(8) is also a subgroup of E_{7(7)} under which 56 = 28⊕28, it can not be made a symmetry of the lagrangian by dualization, since 28 is a complex representation of SU(8) and would thus require complex vector potentials.

One should also note that, in contrast to the situation in five dimensions, neither the irreducibility of the representation (F^{A μν} ⊕ G_{A μν} ) under U nor the simplicity of the group U is necessary or sufficient for having a unified MESGT in four dimensions. This will also be illustrated in some of our examples later in the text.

We will begin our analysis by studying the symmetries of pure 5D, N = 2 supergravity theories dimensionally reduced to four dimensions and its gaugings.

5.1 Pure 5D, N = 2 supergravity dimensionally reduced to 4D

Since the symmetry group structure of dimensionally reduced pure supergravity will be helpful in understanding the action of U-duality group in the general case we shall review it first. The dimensional reduction of pure 5D, N = 2 supergravity to 4D was first studied long time ago in [42] and more recently in [43]. The resulting theory is N = 2, 4D supergravity coupled to one vector multiplet and the scalar manifold is SU(1, 1)/ U(1), where the two scalars come from the graviton and the graviphoton in five dimensions.

16The symbol � denotes semidirect product and T27 denotes the translation group in 27 dimensions.

– 20 –

The manifest symmetry of the dimensionally reduced lagrangian is SO(1, 1)_β �T where T represents the translations of the scalar coming from the graviphoton in five dimensions and the generator of scale transformations SO(1, 1)_β is β. The “hidden” isometry of the reduced theory corresponds to special conformal transformations K that extends SO(1, 1)_β �T to SU(1, 1). The compact U(1) generator of SU(1, 1) is t − k, where t and k are generators of translations and special conformal transformations, respectively. The SU(1, 1) acts as the full U-duality group on-shell. Remarkably, the two vector field strengths and their duals transform in the irreducible four-dimensional representation of SU(1, 1) [43] (In the language of compact SU(2) it is the spin 3/2 representation of SU(1, 1)). What this means is that all the field strengths and their duals carry a charge under any abelian subgroup of SU(1, 1), be it U(1) or SO(1, 1). Since the gauge field of an abelian gauge theory must be neutral under the abelian group, one can not gauge any abelian subgroup of SU(1, 1). We shall denote the full U-duality group of dimensionally reduced pure N = 2 supergravity as SU(1, 1)_G. All other N = 2 MESGTs dimensionally reduced to 4D can be truncated to this theory. SU(1, 1)_G will be a subgroup of the full U-duality groups of dimensionally reduced MESGTs defined by euclidean Jordan algebras of degree three , whose scalar manifolds are symmetric spaces. However, in general, only the SO(1, 1)�T subgroup of SU(1, 1)_G will be a symmetry of dimensionally reduced MESGTs as will become evident when we discuss theories whose scalar manifolds are homogeneous but not symmetric.

5.2 Theories whose scalar manifolds are symmetric spaces

• The generic Jordan family with target manifolds

SO(ñ − 1, 1) SO(ñ − 1)

× SO(1, 1)

in 5D lead to four dimensional MESGTs with target manifolds [9] M = SO(ñ, 2) SO(ñ) × SO(2) × SU(1, 1) U(1)

. (5.1)

Under the U-duality group, U = SO(ñ, 2) × SU(1, 1), the (ñ + 2) field strengths F^{A μν} and their magnetic duals G_{A μν} transform in the (ñ + 2, 2) representation. One can take a symplectic section of these theories such that all the electric field strengths F^{A μν} transform in the real irreducible (ñ + 2) representation of the simple subgroup SO(ñ, 2) of U. Thus the generic Jordan family of N = 2 MESGTs in 4D are unified theories, in contrast to their five-dimensional counterparts. To obtain a unified YMESGT by gauging a simple subgroup H of SO(ñ, 2), all the (ñ + 2) electric field strengths must transform in the adjoint representation of H. This is only possible for ñ = 1. Thus the unique unified YMESGT in the generic Jordan family has SO(2, 1) as its simple gauge group.^{17}

17Interestingly, this unified YMESGT forms a common subsector of several of the models with stable de Sitter vacua considered in [44]. However, it is really only a subsector, and additional vector multiplets and gauge group factors are necessary in order to obtain stable de Sitter vacua [44]. Clearly, with these additional gauge group factors, these theories as a whole are then no longer unified YMESGTs.

– 21 –

We should stress that the SU(1, 1) = SO(2, 1) factor in the four dimensional U-duality group is not the SU(1, 1)_G symmetry of the pure supergravity dimensionally reduced to four dimensions. This is evident from the fact that the field strengths and their duals form 2 dimensional (spin 1/2) representations of the former. The SU(1, 1)_G is a diagonal subgroup of SU(1, 1) factor and an SO(2, 1) subgroup of SO(ñ, 2) under which we have the following decompositions:

SO(2, 1) × SO(ñ, 2) ⊃ SO(2, 1) × SO(2, 1) × SO(ñ − 1) ⊃ SU(1, 1)_G × SO(ñ − 1) (2, ñ + 2) = (2, 3, 1) ⊕ (2, 1, ñ − 1) = (4, 1) ⊕ (2, 1) ⊕ (2, ñ − 1) .

Note that the centralizer of SU(1, 1)_G inside the four-dimensional U-duality group is the automorphism group of the corresponding Jordan algebra, which is SO(ñ − 1). This is a general feature of all theories defined by Jordan algebras of degree three as will be made evident below.

Let us next analyze the magical supergravity theories defined by simple Jordan algebras of degree 3, whose scalar manifolds are all symmetric.

• For the N = 2 MESGT defined by J^R_3 , the four-dimensional U-duality group is Sp(6, R), which is also the isometry group of its scalar manifold, M = Sp(6, R) U(3)

. (5.2)

Under the U-duality group Sp(6, R), the (ñ + 2) = 7 electric field strengths of this theory together with their magnetic duals transform in the irreducible 14-dimensional representation. However, Sp(6, R) does not have a simple subgroup G under which all the seven electric field strengths transform irreducibly. Thus the four-dimensional N = 2 theory defined by J^R_3 is not a unified MESGT. This provides an example of a theory with a simple U-duality group, U, under which electric and magnetic field strengths transform in an irrep of U, but which is nevertheless not unified by our definition. Consequently, it is also not possible to gauge this theory so as to obtain a unified YMESGT.

The centralizer of SU(1, 1)_G inside the four-dimensional U-duality group Sp(6, R) is SO(3) which is the automorphism group of J^R_3 :

Sp(6, R) ⊃ SU(1, 1)_G × SO(3) 14 = (4, 1) + (2, 5) .

• The MESGT defined by the Jordan algebra J^C_3 has the U-duality group SU(3, 3) in 4D, under which the field strengths and their magnetic duals, F^{A μν} ⊕ G_{A μν} , transform in the irreducible symplectic representation 20. The group SU(3, 3) has a subgroup under which the 20 decomposes into two real ten-dimensional irreps,

– 22 – namely, SO(3, 3) ∼= SL(4, R).^{18}

SU(3, 3) ⊃ SL(4, R) 20 = 10 + ~10 .

Therefore, one can take a symplectic section of this theory such that SL(4, R) becomes the electric subgroup of the full U-duality group. Hence this theory defined by J^C_3 is a unified MESGT. Furthermore, one can gauge this theory to obtain a unified YMESGT with the gauge group SO(3, 2) ∼= Sp(4, R), since under the SO(3, 2) subgroup all the electric field strengths transform in the adjoint representation. The centralizer of SU(1, 1)_G inside SU(3, 3) is SU(3)

SU(3, 3) ⊃ SU(1, 1)_G × SU(3) 20 = (4, 1) + (2, 8) .

• The theory defined by the quaternionic Jordan algebra J^H_3 has the U-duality group SO^∗(12) in four dimensions under which the field strengths of the vector fields together with their duals transform in the spinor representation 32. The maximal rank subgroups of SO^∗(12) are

SO^∗(12) ⊃ SO(6, C) ∼= SL(4, C) SO^∗(12) ⊃ SO^∗(2p) × SO^∗(12 − 2p) , p = 1, 2, 3 SO^∗(12) ⊃ U(6) (5.3) SO^∗(12) ⊃ SU(p, 6 − p) × U(1) SO^∗(12) ⊃ SU^∗(6) × SO(1, 1)

Under the SO^∗(10)×SO(2) subgroup the spinor 32 of SO^∗(12) decomposes as 16^{+1} ⊕ 16^{−1} . The spinor representation 16 of SO^∗(10) is complex.^{19} However, under the subgroup SO(6, C) ∼= SL(4, C), the spinor representation 32 of SO^∗(12) decomposes as 32 = (4, ¯4) ⊕ ( ¯4, 4) .

Since the (4, ¯4) representation of SL(4, C) is real, the corresponding MESGT is a unified theory. The only simple noncompact group of dimension 16 is SL(3, C), which is a subgroup of SL(4, C). However, (4, ¯4) of SL(4, C) does not transform irreducibly under the SL(3, C) subgroup and hence this theory can not be gauged so as to obtain a unified YMESGT in 4D.

We should recall that the corresponding theory in five dimensions is a unified MESGT and can be gauged [6] so as to obtain the unique unified YMESGT with gauge group SO^∗(6) = SU(3, 1) in 5D whose scalar manifold is a symmetric space.

18Under the SU(3, 2) subgroup 20 also decomposes as 10 ⊕ ¯10 . However they are complex. 19SO^∗ (10) does not admit any Majorana-Weyl spinors.

– 23 –

For this four-dimensional theory the centralizer of SU(1, 1)_G is USp(6)

SO^∗(12) ⊃ SU(1, 1) × Usp(6) 32 = (4, 1) + (2, 14) .

• The exceptional supergravity theory defined by the Jordan algebra J^O_3 in four dimensions has the U-duality group E_{7(−25)} with the maximal compact subgroup E_6 ×U(1). The 28 electric field strengths together with their magnetic duals transform in the 56 dimensional irrep of E_{7(−25)} . The interesting subgroups of E_{7(−25)} are

E_{7(−25)} ⊃ SU^∗(8) E_{7(−25)} ⊃ SU(6, 2) E_{7(−25)} ⊃ SO(10, 2) × SO(2, 1) (5.4) E_{7(−25)} ⊃ SO^∗(12) × SU(2) E_{7(−25)} ⊃ E_{6(−26)} × SO(1, 1).

Under SO(10, 2) × SO(2, 1) and SO^∗(12) × SU(2) the 56 of E_{7(−25)} decomposes as

56 = (12, 2) + (32, 1) ,

and hence SO(10, 2) or SO^∗(12) cannot act irreducibly on all the electric field strengths. The same holds true for E_{6(−26)} under which the 56 of E_{7(−25)} decomposes as 56 = 1 + 27 + 27 + 1 .

On the other hand, under the SU^∗(8) or SU(6, 2) subgroup the 56 of E_{7(−25)} decomposes as 56 = 28 + ~28 .

Now, the 28-dimensional representation of SU(6, 2) is complex and hence SU(6, 2) can not be a symmetry of the lagrangian. On the other hand, the 28 is a real representation of SU^∗(8) and one can choose a symplectic section of the theory via dualization such that SU^∗(8) becomes a symmetry of the lagrangian with all the electric field strengths transforming irreducibly in the 28. Thus, the exceptional MESGT is a unified MESGT. Furthermore, one can gauge the SO^∗(8) = SO(6, 2) = SU^∗(8) subgroup so as to obtain a unified YMESGT. SO^∗(8) = SO(6, 2) is the common maximal subgroup of SU(6, 2) and SU^∗(8).

We should note the important fact that the SO(6, 2) gauged exceptional supergravity is the N = 2 supersymmetric analog of the SO(6, 2) gauged maximal N = 8 supergravity [45], where SO(6, 2) is the common subgroup of the SU(6, 2) and SU^∗(8) subgroups of E_{7(7)}. This extends further the parallels between the exceptional N = 2 supergravity and the maximal supergravity. They both have different real forms of E_6, E_7 and E_8 as their U-duality groups in 5, 4 and 3 dimensions, respectively. Both theories can be gauged in five dimensions with the noncompact gauge group SU(3, 1)

– 24 –

M Unified global symmetry Unified local symmetry

SO(ñ,2) SO(ñ)×SO(2) ×

SU(1,1)

U(1) SO(ñ, 2) SO(1, 2) (ñ = 1) Sp(6,R)

U(3) – – SU(3,3) S(U(3)×U(3)) SL(4, R) SO(3, 2) SO^∗ (12)

U(6) SL(4, C) – E_{7(−25)} E_6×U(1) SU

∗(8) SO(6, 2)

Table 4: List of the very special 4D MESGTs with symmetric target spaces. The second column displays the possible unified global symmetries, and the third column lists the possible unified local symmetry groups.

and twelve tensor fields [46, 23]. They both can be gauged in four dimensions with the gauge group SO(6, 2).

For the exceptional theory the centralizer of SU(1, 1)_G is F_4

E_{7(−25)} ⊃ SU(1, 1)_G × F_4 56 = (4, 1) + (2, 26) .

We summarize our results for the symmetric space theories in table 4.

5.3 Theories with homogeneous, but non-symmetric scalar manifolds

The generic non-Jordan family of MESGTs in 5D have scalar manifolds of the form SO(ñ, 1) SO(ñ) describing the coupling of ñ vector multiplets to N = 2 supergravity [25]. As was shown in [34], the corresponding C_{ĨJ̃K̃} tensor, and hence the lagrangian is invariant only under the subgroup [SO(ñ − 1) × SO(1, 1)_λ ]�T_{(ñ−1)} of SO(ñ, 1). Since, under the action of the maximal simple subgroup SO(ñ − 1), two of the vectors transform as singlets, the generic non-Jordan family of MESGTs are not unified in 5D. As a consequence of the fact that the full isometry group SO(ñ − 1) is broken to its subgroup [SO(ñ−1)×SO(1, 1)]�T_{(ñ−1)} by the interaction terms of the 5D lagrangian, the scalar manifolds of the corresponding dimensionally reduced MESGTs in 4D are homogeneous, but not symmetric spaces. The Lie algebras of their isometry groups are not simple and have the following non semisimple Lie algebra graded with respect to the SO(1, 1)_α generator α =^2_3 λ + β [37]

g = g^0 ⊕ g^1 ⊕ g^2 ,

where

g^0 = α ⊕ so(2, 1) ⊕ so(ñ − 1) g^1 = (1, 2, ñ − 1) g^2 = (2, 0, 0) .

– 25 –

The semisimple subgroup of the isometry group is SO(2, 1)×SO(ñ−1) under which the ñ + 2 electric field strengths decompose as (3, 1) ⊕ (1, ñ − 1). Thus the corresponding MESGT’s are not unified.

Let us now consider the 4D MESGTs that are obtained from 5d theories whose scalar manifolds (in five dimensions) are homogeneous, but not symmetric. A complete list of possible scalar manifolds of 5d MESGTs that are homogeneous spaces was given in [24]. To achieve this classification the authors of [24] showed that the requirement of a transitive isometry group allows one to transform the most general solution for the symmetric tensor from the “canonical basis” to the basis:

C_{011} = 1 C_{0μ̄ν̄} = −δ_{μ̄ν̄} C_1¯_i¯_j = −δ¯_i¯_j C_{μ̄}¯_i¯_j = γ_{μ̄}¯_i¯_j , (5.5)

where the indices Ĩ are now split such that Ĩ = 0, 1,μ̄, ī with μ̄ = 1, 2, . . . , q + 1 and ī = 1, 2, . . . , r (ñ = r + q + 2) . The coefficients γ_{μ̄ īj̄} are (q + 1) real r × r matrices that generate a real Clifford algebra, C(q + 1, 0), of positive signature. The allowed homogeneous (but not symmetric) spaces are, in general, quotients of “parabolic groups” G modded out by their maximal compact subgroups H. The Lie algebra g of the group G is a semi-direct sum:

g = g^0 ⊕ g^{+1} (5.6) g^0 = so_λ (1, 1) ⊕ so(q + 1, 1) ⊕ S_q(P, Q) g^{+1} = (s, v) . (5.7)

Here, S_q(P, Q) is a Lie algebra generated by the metric preserving elements of the centralizer of the Clifford algebra representation, whereas s denotes a spinor representation of so(q + 1, 1) (of dimension D_{q+1}), and v denotes the vector representation of S_q(P, Q), which is of dimension (P + Q).^{20} The isotropy group H is

H = SO(q + 1) ⊗ S_q(P, Q) . (5.8)

The possible groups S_q(P, Q) and the associated real Clifford algebras were given in [24] which we list in table 5.

Under dimensional reduction to four dimensions the isometry groups of the resulting homogeneous scalar manifolds extend to duality symmetry groups of the corresponding MESGTs. These isometry groups are not semisimple for homogeneous and

20We should note that in case the scalar manifold is a symmetric space the above Lie algebra gets extended by additional symmetry generators belonging to grade −1 space transforming in the conjugate representation of g+1 with respect to g0. The generic non-Jordan family corresponds to theories with q = −1 and S(P ) = so(P ). On the other hand, for the generic Jordan family on has q = 0 and S(P ) = so(P ). The magical theories correspond to q = 1, 2, 4, 8 and P = 1 [37].

– 26 – q C(q + 1, 0) D_{q+1} S_q(P, Q) −1 R 1 SO(P ) 0 R ⊕ R 1 SO(P ) ⊗ SO(Q) 1 R(2) 2 SO(P ) 2 C(2) 4 U(P ) 3 H(2) 8 USp(2P ) 4 H(2) ⊕ H(2) 8 USp(2P ) ⊗ USp(2Q) 5 H(4) 16 USp(2P ) 6 C(8) 16 U(P ) 7 R(16) 16 SO(P ) n + 8 R(16) ⊗ C(n + 1, 0) 16 D_n as for q = n

Table 5: Real Clifford algebras C(q + 1, 0) in q + 1 euclidean dimensions. A(n) denotes the n × n matrices over the division algebra A , while D_{q+1} denotes the real dimension of an irreducible representation of the Clifford algebra. The S_q (P, Q) is the metric preserving group in the centralizer of the Clifford algebra in the (P + Q)D_{q+1} dimensional representation.

non-symmetric scalar manifolds. Their Lie algebras W have a graded decomposition of the form^{21} W = W^0 ⊕ W^1 ⊕ W^2 (5.9)

with respect to the SO(1, 1)_α whose generator is α = 2 3 λ + β ,

where λ is the generator of SO(1, 1)_λ that determines the graded decomposition in five dimensions given above. For the 4D theories that come from the 5D theories listed in Table 5 the corresponding isometries are

W^0 = so(1, 1)_α ⊕ so(q + 2, 2) ⊕ S_q(P, Q) W^1 = (1, S, V ) W^2 = (2, 0, 0) ,

where S is the spinor representation of SO(q + 2, 2) and V represents the (P + Q) dimensional vector representation of S_q(P, Q). The grade +2 subspace is again one dimensional. Denoting the group generated by W as G one finds that the 4D scalar manifolds are the coset spaces

M_4 = G H , where H = SO(q + 2) × SO(2) × S_q(P, Q).^{22}

21Again for theories whose scalar manifolds are symmetric spaces in four dimensions the full Lie algebras of isometries have , in addition, generators of grade −1 and −2, corresponding to hidden symmetries.

22Following [37] we label the group generated by Sq (P, Q) with the same symbol.

– 27 –

The maximal semisimple subgroups of the full isometry groups for homogeneous and nonsymmetric scalar manifolds in four dimensions is then of the form

SO(q + 2, 2) × S_0(P, Q) ,

where S_0(P, Q) denotes the semisimple subgroup of S(P, Q) listed in table 5. In four dimensions we have ñ + 2 = 4 + q + (P + Q)D_{q+1} vector fields. Under the action of SO(q + 2, 2) × S(P, Q) the field strengths of these vector fields and their magnetic duals transform as follows

(F^{A μν} ⊕ G_{A μν} ) ∼= (q + 4, 1) + (q + 4, 1) + (S, P + Q) ,

where S = 2D_{q+1}. Now q ≥ −1 and for homogeneous and nonsymmetric scalar manifolds P ≥ 1 and Q ≥ 1 [37]. Hence in the corresponding theories the isometry groups do not have any simple subgroups under which all the vector field strengths transform irreducibly. Therefore they are not unified MESGTs.

5.4 Theories defined by lorentzian Jordan algebras

Let us now consider the 4D MESGTs defined by lorentzian Jordan algebras. The manifest isometries of the 4D scalar manifolds, M_4, of these theories generate the semidirect product groups of the form � Aut � J^A_{(1,N)} � × SO(1, 1) � �T_J A_{(1,N)0} , (5.10)

where T_J A_{(1,N)0} denotes the translations by traceless elements of J^A_{(1,N)}. These isometries also form the invariance groups of the lagrangians of the corresponding MESGTs (modulo shifts in the theta angles). The Lie algebras of these symmetry groups have the graded decomposition g = g^0 ⊕ g^1 ,

where the grading is with respect to the generator of scale transformations SO(1, 1), as discussed in the previous section, and g^0 is the Lie algebra of Aut(J^A_{(1,N)})×SO(1, 1). An important question is whether or not there are further “hidden” isometries, in particular with negative scale dimension with respect to SO(1, 1). For N = 2 MES- GTs defined by lorentzian Jordan algebras J^A_{(1,3)} of degree 4, where A = R, C and H the cubic forms defined by the structure constants of the traceless elements coincide with the norm forms of euclidean Jordan algebras of degree 3 over C, H and O, respectively. The isometry groups of the scalar manifolds of theories defined by euclidean Jordan algebras of degree 3 are simply the conformal groups of the corresponding euclidean Jordan algebras. Therefore in these three theories the Lie algebra of the isometry group has a 3-graded decomposition

isom(M_4) = K_J A_3 ⊕ str(J^A_3 ) ⊕ T_J A_3 ,

– 28 –

J Aut(J) Str_0(J) Conf(J) J^R_{(1,3)} SO(3, 1) SL(4, R) Sp(8, R) J^C_3 SU(3) SL(3, C) SU(3, 3) J^C_{(1,3)} SU(3, 1) SL(4, C) SU(4, 4) J^H_3 USp(6) SU^∗(6) SO^∗(12) J^H_{(1,3)} USp(6, 2) SU^∗(8) SO^∗(16) J^O_3 F_4 E_{6(−26)} E_{7(−25)}

Table 6: List of the simple lorentzian Jordan algebras of type J^R_{(1,3)}, J^C_{(1,3)}, J^H_{(1,3)} and the corresponding euclidean Jordan algebras J^C_3 , J^H_3 , J^O_3 and their automorphism, reduced structure and conformal (Möbius) groups.

where K represent special conformal generators of negative dimension and T denote translations. Since the cubic forms defined by the structure constants of the traceless elements of the lorentzian algebras J^A_{(1,3)} are not their generic norm forms, which are quartic, their conformal symmetry algebras are not the symmetries of the corresponding four dimensional MESGTs. To highlight the differences in the symmetry algebras of the lorentzian Jordan algebras J^A_{(1,3)} and those of the corresponding euclidean Jordan algebras of degree three we list them in table 6.

For magical supergravity theories the global symmetry group of the five-dimensional theory is the reduced structure group Str_0(J) of the underlying Jordan algebra J and the number of vector fields ñ is equal to the dimension dim(J) of J. Under dimensional reduction to 4D there is a vector field that is a singlet of Str_0(J), namely the vector field coming from the graviton in five dimensions. For these theories the full U-duality group is the conformal group of J under whose action electric and magnetic fields strengths transform in the irreducible (2ñ + 2) dimensional representation.

Viewing three of the magical theories as coming from the lorentzian Jordan algebras J^A_{(1,3)} (A = R, C, H), the manifest symmetry groups of the 5D theories are the automorphism groups of J^A_{(1,3)}. However, they have “hidden” symmetries in five dimensions that extend the automorphism groups J^A_{(1,3)} (A = R, C, H) to the reduced structure groups Str_0(J^C_3 ) , Str_0(J^H_3 ) and Str_0(J^O_3 ), respectively. By contrast, the reduced structure groups of the lorentzian Jordan algebras J^A_{(1,3)} are not symmetry groups of the corresponding five-dimensional MESGTs.

The number of vector fields of the four-dimensional MESGTs defined by lorentzian Jordan algebras J^A_{(1,3)} is equal to the dimension of J^A_{(1,3)}. Under the action of their reduced structure groups the elements of J^A_{(1,3)} transform in real irreducible representations. As discussed above, there exist symplectic sections of the corresponding four-dimensional MESGTs such that the reduced structure groups of J^A_{(1,3)} become symmetries of their lagrangians. This is why they are unified MESGTs in four dimensions as well. The important fact to note is that the reduced structure groups of the

– 29 – lorentzian Jordan algebras J^A_{(1,3)} are the maximal common subgroups of the conformal groups of J^A_{(1,3)} (A = R, C, H) and of the conformal groups of the corresponding euclidean Jordan algebras J^{A′}_3 (A^′ = C, H, O), respectively. The latter groups are the full U-duality groups of these theories in four dimensions.

For the five-dimensional N = 2 MESGTs defined by the lorentzian Jordan algebras J^A_{(1,N)} for N ≠ 3, the scalar manifolds are not homogeneous. Hence the analysis of [37] regarding the existence of negative grade isometry generators does not apply. However, one can prove that, also for these theories, there cannot be any negative dimension isometry generators of the type that comes up in symmetric space theories as follows.

From the discussion in the previous section about the geometry of these theories it follows that the Lie algebra [der(J^A_{(1,N)}) ⊕ β] � T_{J(1,N)0} of the manifest symmetry group [Aut(J^A_{(1,N)}) × SO(1, 1)] � T_J A_{(1,N)0} can be embedded in the natural 3-graded decomposition of the conformal algebra of J^A_{(1,N)} as follows:

conf � J^A_{(1,N)} � = � K_I ⊕ K_{J(1,N)0} � ⊕ � der(J^A_{(1,N)}) ⊕ β ⊕ M(J^A_{(1,N)0} ) � ⊕ � T^A_{J(1,N)0} + T_I � , (5.11) where I denotes the identity element of the Jordan algebra and M(J_0) denotes multiplications by traceless elements of J. The conformal Lie algebras of simple Jordan algebras of dimension greater than two are simple. From the commutation relations of the generators of conformal algebras of simple Jordan algebras [47], it follows that any single special conformal generator K_a of negative dimension will extend the manifest symmetry algebra [der(J^A_{(1,N)})⊕β]�T_{J(1,N)0} to the full conformal algebra conf(J^A_{(1,N)}) under commutation. Now the number of vector fields in 4D theories defined by lorentzian Jordan algebras is equal to the dimension of the Jordan algebra itself:

l ≡ dim(J^A_{(1,N)}) = N + 1 + 1 2 N(N + 1) dim(A) .

However, the conformal group of J^A_{(1,N)} acts nonlinearly on J^A_{(1,N)} and does not have any irreducible linear representation of dimension l, which decomposes into a singlet plus an irrep of dimension (l − 1) under its automorphism group. If the conformal group were to act as the full on-shell U-duality that transforms field strengths and their magnetic duals into each other, it would have to have a linear representation of dimension 2l. This linear representation of dimension 2l must then decompose as two singlets and two irreps of dimension (l − 1) under the automorphism group of the Jordan algebra. Going through the list of the conformal groups of simple lorentzian Jordan algebras it is straightforward to show that they do not admit such a linear representation. Thus, for 4D, N = 2 MESGTs defined by the lorentzian Jordan algebras J^A_{(1,N)} their conformal groups can not be symmetries on-shell or off-shell. Hence, there cannot be any symmetry generators of negative dimension corresponding to special conformal transformations of the corresponding Jordan algebras.

– 30 –

Even though there cannot be any negative dimension hidden symmetry generators associated with conformal transformations in theories defined by lorentzian Jordan algebras J^A_{(1,N)} (for N ≠ 3) in four dimensions, one may wonder if there could be extra hidden symmetry generators of dimension zero. In particular if extra symmetry generators corresponding to multiplications by traceless elements of the Jordan algebra were to arise as hidden symmetries under dimensional reduction they would extend the five-dimensional manifest symmetry group Aut(J_{(1,N)}) to the reduced structure group that acts irreducibly on the Jordan algebra whose dimension l is equal to the number of vector fields in the theory. However the extension of the grade zero symmetry algebra to that of the reduced structure group would require that the number of translation generators be increased from l−1 to l (see appendix A). But we have only l − 1 additional scalars that come from the vector fields in 5d. Therefore we can rule out the extension of the automorphism group to the reduced structure group within the symplectic section one obtains by dimensional reduction. However, in general the symplectic sections that make manifest a unifying symmetry group of the lagrangian break the translational symmetry. For example, in the exceptional supergravity theory the unifying symmetry group is SU^∗(8) under which the remaining generators of the full duality group E_{7(−25)} transform in the 70 dimensional representation, whose action does not leave the lagrangian invariant! Therefore, for the N = 2 MESGTs defined by lorentzian Jordan algebras J^A_{(1,N)} (N ≠ 3), we can not rule out the existence of symplectic sections where their reduced structure groups become unifying symmetry groups of their lagrangians. What makes the analysis of these theories more complicated is the fact that their scalar manifolds are not homogeneous. We leave this as an open problem for future investigations.

We finally note that, under dimensional reduction to 4D, one gets an extra vector multiplet from the 5 dimensional graviton supermultiplet. One may ask if it possible to obtain unified MESGTs in 4D by first dimensionally reducing the 5d unified MESGTs to four dimensions followed by a truncation of this extra vector supermultiplet. As we discussed at the beginning of this section the scalars of this extra vector supermultiplet parameterize the manifold SU(1, 1)_G U(1) . For the theories defined by euclidean Jordan algebras we listed the centralizers of the group SU(1, 1)_G in section 5.2. After truncation the centralizing groups would become the U-duality groups. It is manifest from the list of centralizing groups that, even if the truncations are consistent, the resulting theories can not be unified since there will always be a singlet vector field of the resulting U-duality groups. The same analysis can be extended to the theories defined by lorentzian Jordan algebras of degree greater than four. In this case the SU(1, 1)_G is not part of the full U-duality group in four dimensions, but rather its parabolic subgroup SO(1, 1)�T is. It can be shown that the centralizer of this parabolic subgroup will have a singlet vector field after the truncation, even if the truncation is consistent.

– 31 –

6. Conclusion and summary

In this paper, we studied the four-dimensional unified N = 2 MESGTs that can be obtained by dimensional reduction from 5D and their possible gaugings so as to obtain unified YMESGTs. We found that the generic Jordan family of MESGTs that are not unified in 5D become unified in 4D. The electric subgroup of the full duality group is SO(ñ, 2) under which all the vector field strengths, including that of the graviphoton, transform irreducibly. Of these theories only one of them (corresponding to ñ = 1) can be gauged so as to obtain a unified YMESGT with the gauge group SO(2, 1) = SU(1, 1). This gauging breaks the full duality group SO(2, 1) × SO(2, 1) down to SO(2, 1). The four magical supergravity theories defined by simple Jordan algebras of degree three are unified MESGTs in 5D. In 4D they all have simple duality groups. However only the theories defined by J^C_3 , J^H_3 and J^O_3 are unified MESGTs in 4D , with unifying symmetry groups SL(4, R), SL(4, C) and SU^∗(8), respectively. The Sp(4, R) = SO(3, 2) subgroup of the full duality group SU(3, 3) of the J^C_3 theory can ge gauged so as to obtain a unified YMESGT in 4D. The theory defined by J^H_3 can not be gauged so as to obtain a unified YMESGT. In the exceptional supergravity defined by the exceptional Jordan algebra J^O_3 one can gauge the SO^∗(8) = SO(6, 2) subgroup of the duality group E_{7(−25)} to get a unified YMESGT in 4D. These results are summarized in Table 4.

The generic non-Jordan family and the theories whose scalar manifolds are homogeneous but not symmetric do not lead to unified MESGTs in 4D.

The unified five-dimensional MESGTs defined by lorentzian Jordan algebras, J^A_{(1,N)}, of degree p = (N + 1), (N ≠ 3) do not have hidden symmetries associated with special conformal transformations of J^A_{(1,N)}. Whether they admit other hidden symmetries that admit symplectic sections with their reduced structure groups acting as their unifying symmetry groups is an open problem.

In this paper, we considered the 4D, N = 2 MESGTs that originate from five dimensions. We should perhaps mention that there is a family of 4D MESGTs whose scalar manifolds are the symmetric spaces [48]

SU(n, 1) U(n)

which do not originate from five dimensions. They are unified MESGTs since all the vector field strengths transform irreducibly under the electric subgroup SO(n, 1). Of these only the theory with n = 2 can be gauged so as to obtain a unified YMESGT with the gauge group SO(2, 1). This unified YMESGT is different from the SO(2, 1) gauged unified YMESGT considered in section 5, since their scalar manifolds are different, namely one has SU(2, 1)/ U(2) and SU(1, 1) × SO(2, 1) U(1) × U(1) .

– 32 –

A. Symmetry algebras of Jordan algebras

Jordan algebras are commutative a ∘ b = b ∘ a

and, in general, non-associative algebras that satisfy the identity

(a ∘ b) ∘ a^2 = a ∘ (b ∘ a^2) .

Elements of a Jordan algebra form a so-called Jordan triple system (JTS) under the Jordan triple product {a b c} = a ∘ (b ∘ c) + (a ∘ b) ∘ c − b ∘ (a ∘ c) .

This triple product satisfies the identities

{a b c} = {c b a} , {a b {c d x}} − {c d {a b x}} − {a {d c b} x} + {{c d a} b x} = 0 ,

which are the defining identities of a Jordan triple system.

The Lie algebra aut(J) of the automorphism group of a Jordan algebra J is simply its derivation algebra Der(J). Derivations are defined as linear transformations D that satisfy the Leibniz rule; i.e., given a, b ∈ J

D(a ∘ b) = (Da) ∘ b + a ∘ (Db) ∈ J .

They close and form a Lie algebra under commutator product. Derivations of a Jordan algebra can always be written in the form [29]

D_{a,b} ≡ [M_a, M_b] ; a, b ∈ J ,

where M_a denotes multiplication by element a:

M_ax = a ∘ x .

Clearly the multiplications M_J close into derivations under commutation. The Lie algebra str(J) of the structure group of J is then generated by derivations and multiplications M(J) by the elements of J str(J) = Der(J) ⊕ M(J) .

Multiplications by traceless elements of J together with derivations generate the reduced structure group Str_0(J) , which turns out to be the invariance group of norm of the Jordan algebra J.

For a euclidean Jordan algebra derivations generate a compact automorphism group and the multiplications M(J) by the elements of J correspond to non-compact generators of str(J). For a noncompact, e.g., lorentzian, Jordan algebra the automorphism group is noncompact and hence some of the derivations correspond to noncompact generators. Similarly multiplications M_a by an element a ∈ J will generate compact or noncompact

– 33 – transformation depending on whether the element a is anti-hermitean or hermitean, respectively. Even though the automorphism groups of euclidean Jordan algebras J^A_{(N+1)} and lorentzian Jordan algebras J^A_{(1,N)} are not isomorphic, their structure algebras are:

str(J^A_{(N+1)}) ≈ str(J^A_{(1,N)}) .

Koecher [49] introduced the concept of linear fractional transformation groups of Jordan algebras. The linear fractional groups can be interpreted as generalized conformal groups of spacetimes coordinatized by Jordan algebras [50], which we denote as Conf(J). Their Lie algebras can be given a 3-graded decomposition [51]

conf(J) = g^{−1} ⊕ g^0 ⊕ g^{+1} = K_J ⊕ str(J) ⊕ T_J ,

where the grade zero subalgebra is simply the structure algebra and grade +1 and -1 subspaces are spanned by translations T_J and special conformal generators K_J , respectively. Within this framework the reduced structure group is simply the generalized Lorentz group Lor(J) of the spacetime defined by J [50], and, in addition, the structure group includes the dilatations.

The Tits-Kantor-Koecher (TKK) construction [51] associates with every JTS a 3- graded Lie algebra^{23} g = g^{−1} ⊕ g^0 ⊕ g^{+1} ,

In the TKK construction the elements of the g^{+1} subspace of the Lie algebra g are labeled by the elements a∈J: U_a ∈ g^{+1} ⇔ a ∈ J .

Furthermore every such Lie algebra g admits an involution~, which maps the elements of the grade +1 space onto the elements of the subspace of grade −1:

~: U_a ∈ g^{+1} ⇒ Ũ_a ∈ g^{−1} .

To get the complete set of generators of g one defines further

[U_a, Ũ_b] =: S_{ab} [S_{ab}, U_c] =: U_{{abc}} ,

where S_{ab} ∈ g^0 and {abc} is the Jordan triple product under which J is closed.

The remaining commutation relations are

[S_{ab}, Ũ_c] = Ũ_{{bac}} [S_{ab}, S_{cd}] = S_{{abc}d} − S_{c{bad}} ,

and the Jacobi identities follow from the defining identities of a JTS given above.

23With the exception of the Lie algebras of G2, F4 and E8 every simple Lie algebra g can be given a three graded decomposition with respect to a subalgebra g^0 of maximal rank.

– 34 –

The Lie algebra generated by S_{ab} is simply the structure algebra of J since

S_{ab} = D_{a,b} + M_{a∘b} ,

where D_{a,b} = [M_a, M_b] is a derivation and M_{a∘b} is multiplication by the element a ∘ b. The traceless elements of this action of S_{ab} generate the reduced structure algebra of J.

The above concepts are best illustrated in terms of a simple and familiar example, namely the conformal group in four dimensions, and its realization via the Jordan algebra J^C_2 of hermitean 2 × 2 matrices over C. As is well known, these matrices are in one-to-one correspondence with four-vectors x^μ in Minkowski space

x ≡ x_μ σ^μ ∈ J^C_2 ,

where σ^μ := (1, ⃗σ). The “norm form” on this Jordan algebra is just the ordinary determinant, i.e.

N(x) := det(x) = x_μ x^μ .

The automorphism group of J^C_2 is just the rotation group SU(2), its structure group is the product SL(2, C) × D, i.e. the Lorentz group times dilatations. The conformal group of J^C_2 is su(2, 2), which has a three-graded structure

g = g^{−1} ⊕ g^0 ⊕ g^{+1} ,

where the grade +1 and grade −1 spaces correspond to generators of translations P^μ and special conformal transformations K^μ , respectively, while the grade 0 subspace is spanned by the Lorentz generators M^{μν} and the dilatation generator D. The subspaces g^{+1} and g^{−1} can both be labelled by the elements of the Jordan algebra J^C_2 . Letting a = a_μ σ^μ and b = b_μ σ^μ we can expand the grade +1 and -1 subspaces in terms of the generators of translations P_μ and special conformal transformations K_μ as

U_a := a_μ P^μ ∈ g^{+1} Ũ_b := b_μ K^μ ∈ g^{−1} .

The generators in g^0 are labeled as

S_{ab} := a_μ b_ν (M^{μν} + η^{μν} D) .

The conformal group is realized non-linearly on the space of four-vectors x ∈ J^C_2 , with a Möbius-like action, which acquires a very simple form when expressed in terms of the Jordan triple product, namely

U_a(x) = a S_{ab}(x) = {a b x} Ũ_c(x) = − 1 2 {x c x} ,

Such a realization extends to all JTS’s defined by Jordan algebras [50].

– 35 –

B. Symplectic formulation of N = 2 MESGTs in four dimensions

The self-dual field strengths F^{A+}_{μν} and their magnetic “duals” [52, 53],

G^+_{μνA} := δL^{(4)} δF^{A+}_{μν} = − i 2 N_{AB}F^{μνB+} , (B.1)

can be combined into a symplectic vector � F^{A+}_{μν} G^+_{μνB} � (B.2)

so that the equations of motion that follow from (4.16) are invariant under the (global) symplectic rotations � X^A F_B � −→ O � X^A F_B � , � F^{A+}_{μν} G^+_{μνB} � −→ O � F^{A+}_{μν} G^+_{μνB} � (B.3)

with O being a symplectic matrix with respect to the symplectic metric ω = � 0 δ^A_B −δ^A_B 0 � . (B.4)

Writing O as O = � A B C D � , (B.5)

the period matrix N transforms as

N −→ (C + DN )(A + BN )^{−1} . (B.6)

Symplectic transformations with B ≠ 0 correspond to electromagnetic duality transformation, whereas transformations with C ≠ 0 involve shifts of the theta angles in the lagrangian.

General symplectic tranformations will take a lagrangian L(F, G) with the field strengths satisfying the Bianchi identities dF^A = 0 and dG_A = 0 to a lagrangian L̃(F̃ , G̃) with the new field strengths satisfying dF̃^A = 0 and dG̃_A = 0. Theories related by such general symplectic tranformations are called dual theories.

The subgroup, U, of Sp(2(ñ + 2), R) that leaves the functional invariant [37]

L̃(F̃ , G̃) = L(F̃ , G̃) ,

is called the duality invariance group (or “U-duality group”). This is a symmetry group of the on-shell theory (i.e., of the equations of motion). A subgroup of the duality invariance group that leaves the off-shell lagrangian invariant up to surface terms is called an “electric subgroup”, G_E , since it transforms electric field strengths into electric field strengths only. Obviously, we have the inclusions

G_E ⊂ U ⊂ Sp(2(ñ + 2), R) ,

– 36 – and the pure electric-magnetic transformations are contained in the coset U/G_E , while dualizations leading to different manifest electric subgroups G_E groups are contained in Sp(2n + 4)/U [5].

For the symplectic formulation of N = 2 MESGTs in 4D and further references we refer the reader to [54].

Acknowledgments

M.Z. thanks Henning Samtleben for discussions. This work was supported in part by the National Science Foundation under grant number PHY-0245337. Any opinions, findings and conclusions or recommendations expressed in this material are those of the author and do not necessarily reflect the views of the National Science Foundation. The work of M.Z. is supported by the German Research Foundation (DFG) within the Emmy-Noether-Program (ZA 279/1-1).

References

[1] S. Coleman and J. Mandula, All possible symmetries of the S matrix, Phys. Rev. 159 (1967) 1251.

[2] J. Wess and B. Zumino, Supergauge transformations in four-dimensions, Nucl. Phys. B 70 (1974) 39.

[3] R. Haag, J.T. Lopuszanski and M. Sohnius, All possible generators of supersymmetries of the S matrix, Nucl. Phys. B 88 (1975) 257.

[4] U. Amaldi, W. de Boer and H. Furstenau, Comparison of grand unified theories with electroweak and strong coupling constants measured at LEP, Phys. Lett. B 260 (1991) 447; C. Giunti, C.W. Kim and U.W. Lee, Running coupling constants and grand unification models, Mod. Phys. Lett. A 6 (1991) 1745;

J.R. Ellis, S. Kelley and D.V. Nanopoulos, Probing the desert using gauge coupling unification, Phys. Lett. B 260 (1991) 131;

P. Langacker and M.-x. Luo, Implications of precision electroweak experiments for m_t, ρ_0, sin^2 −θ_w and grand unification, Phys. Rev. D 44 (1991) 817.

[5] B. de Wit and H. Nicolai, N = 8 supergravity, Nucl. Phys. B 208 (1982) 323.

[6] M. Günaydin, G. Sierra and P.K. Townsend, Gauging the D = 5 Maxwell-Einstein supergravity theories: more on Jordan algebras, Nucl. Phys. B 253 (1985) 573.

[7] M. Günaydin and M. Zagermann, Unified Maxwell-Einstein and Yang-Mills-einstein supergravity theories in five dimensions, JHEP 07 (2003) 023 [hep-th/0304109].

[8] M. Awada and P.K. Townsend, N = 4 Maxwell-Einstein supergravity in five-dimensions and its SU(2) gauging, Nucl. Phys. B 255 (1985) 617;

L.J. Romans, Gauged N = 4 supergravities in five-dimensions and their magnetovac backgrounds, Nucl. Phys. B 267 (1986) 433;

G. Dall’Agata, C. Herrmann and M. Zagermann, General matter coupled N = 4 gauged supergravity in five dimensions, Nucl. Phys. B 612 (2001) 123 [hep-th/0103106].

– 37 –

[9] M. Günaydin, G. Sierra and P.K. Townsend, The geometry of N = 2 Maxwell-Einstein supergravity and Jordan algebras, Nucl. Phys. B 242 (1984) 244; Exceptional supergravity theories and the magic square, Phys. Lett. B 133 (1983) 72.

[10] J.R. Ellis, M. Günaydin and M. Zagermann, Options for gauge groups in five-dimensional supergravity, JHEP 11 (2001) 024 [hep-th/0108094].

[11] Y. Kawamura, Gauge symmetry reduction from the extra space S^1/Z_2, Prog. Theor. Phys.

103 (2000) 613 [hep-ph/9902423];

Y. Kawamura, Triplet-doublet splitting, proton stability and extra dimension, Prog. Theor. Phys. 105 (2001) 999 [hep-ph/0012125]; Split multiplets, coupling unification and extra dimension, Prog. Theor. Phys. 105 (2001) 691 [hep-ph/0012352];

G. Altarelli and F. Feruglio, SU(5) grand unification in extra dimensions and proton decay, Phys. Lett. B 511 (2001) 257 [hep-ph/0102301];

A.B. Kobakhidze, Proton stability in TeV-scale guts, Phys. Lett. B 514 (2001) 131 [hep-ph/0102323];

L.J. Hall and Y. Nomura, Gauge unification in higher dimensions, Phys. Rev. D 64 (2001) 055003 [hep-ph/0103125];

A. Hebecker and J. March-Russell, A minimal S^1/(Z_2 × Z^′_2) orbifold GUT, Nucl. Phys. B 613 (2001) 3 [hep-ph/0106166];

R. Dermisek and A. Mafi, SO(10) grand unification in five dimensions: proton decay and the mu problem, Phys. Rev. D 65 (2002) 055002 [hep-ph/0108139].

[12] S. McReynolds, Options for orbifold-GUT model building from five-dimensional supergravity,

hep-ph/0501091.

[13] G.A. Diamandis, B.C. Georgalas, P. Kouroumalou and A.B. Lahanas, On the stability of the classical vacua in a minimal SU(5) 5D supergravity model, New J. Phys. 4 (2002) 1 [hep-th/0111046].

[14] F.P. Zen, B.E. Gunara, Arianto and H. Zainuddin, On orbifold compactification of N = 2 supergravity in five dimensions, hep-th/0407112.

[15] I. Antoniadis, S. Ferrara and T.R. Taylor, N = 2 heterotic superstring and its dual theory in five dimensions, Nucl. Phys. B 460 (1996) 489 [hep-th/9511108].

[16] T. Mohaupt and M. Zagermann, Gauged supergravity and singular Calabi-Yau manifolds, JHEP 12 (2001) 026 [hep-th/0109055].

[17] J. Louis, T. Mohaupt and M. Zagermann, Effective actions near singularities, JHEP 02 (2003) 053 [hep-th/0301125].

[18] L. Jarv, T. Mohaupt and F. Saueressig, Effective supergravity actions for flop transitions, JHEP 12 (2003) 047 [hep-th/0310173].

[19] T. Mohaupt and F. Saueressig, Effective supergravity actions for conifold transitions, JHEP 03 (2005) 018 [hep-th/0410272].

[20] M. Günaydin, G. Sierra and P.K. Townsend, Vanishing potentials in gauged N = 2 supergravity: an application of Jordan algebras, Phys. Lett. B 144 (1984) 41.

[21] E. Cremmer et al., Vector multiplets coupled to N = 2 supergravity: superhiggs effect, flat potentials and geometric structure, Nucl. Phys. B 250 (1985) 385.

[22] S. Cecotti, Homogeneous kahler manifolds and flat potential N = 1 supergravities, Phys. Lett.

B 215 (1988) 489.

– 38 –

[23] M. Günaydin and M. Zagermann, The gauging of five-dimensional, N = 2 Maxwell-einstein supergravity theories coupled to tensor multiplets, Nucl. Phys. B 572 (2000) 131 [hep-th/9912027].

[24] B. de Wit and A. Van Proeyen, Special geometry, cubic polynomials and homogeneous quaternionic spaces, Commun. Math. Phys. 149 (1992) 307 [hep-th/9112027].

[25] M. Günaydin, G. Sierra and P.K. Townsend, More on D = 5 Maxwell-Einstein supergravity:

symmetric spaces and kinks, Class. and Quant. Grav. 3 (1986) 763.

[26] P. Jordan, J. von Neumann and E. Wigner, On an algebraic generalization of the quantum mechanical formalism, Ann. of Math. 236 (1934) 29.

[27] See N. Jacobson, Structure and representations of Jordan algebras, Amer. Math. Soc. Coll.

Pub. vol. 39 Rhode Island, 1968, and the references therein.

[28] K. Mc Crimmon, Pacific J. Math. 15 (1965) 925.

[29] K. McCrimmon, A taste of Jordan algebras, Springer Verlag, Universitext, 2000.

[30] H. Freudenthal, Beziehungen der E_7 und E_8 zur Oktavenebene,

Nederl. Akad. Wetensch. Proc. A62 (1959) 447;

B.A. Rozenfeld, Geometrical interpretation of compact simple Lie groups of class E, Dokl. Akad. Nauk. SSSR 106 (1956) 600;

J. Tits, Sur certaines classes d’espaces homogenes de groupes de Lie, Mem. Acad. Roy. Belg. Sci. 29 (1955) fasc.3

[31] L. Michel and L. A. Radicati, Properties of the breaking of hadronic internal symmetry, Ann.

Phys. (NY) 66 (1971) 758; The geometry of the octet, Ann. Inst. Henri Poincaré 18 (1973) 185.

[32] E.G. Goodaire, The derivations of M^C_n , Comm. in Algebra 3 (1975) 21.

[33] B.N. Allison and J.R. Faulkner, A Cayley-Dickson process for a class of structurable algebras, Trans. Amer. Math. Soc. 283 (1984) 185.

[34] B. de Wit and A. Van Proeyen, Broken sigma model isometries in very special geometry, Phys. Lett. B 293 (1992) 94 [hep-th/9207091].

[35] B. de Wit, P.G. Lauwers, R. Philippe, S.Q. Su and A. Van Proeyen, Gauge and matter fields coupled to N = 2 supergravity, Phys. Lett. B 134 (1984) 37;

B. de Wit, P.G. Lauwers and A. Van Proeyen, Lagrangians of N = 2 supergravity — matter systems, Nucl. Phys. B 255 (1985) 569.

[36] S. Cecotti, N = 2 supergravity, type-IIB superstrings and algebraic geometry, Commun.

Math. Phys. 131 (1990) 517.

[37] B. de Wit, F. Vanderseypen and A. Van Proeyen, Symmetry structure of special geometries, Nucl. Phys. B 400 (1993) 463 [hep-th/9210068].

[38] M. Koecher, An elementary approach to bounded symmetric domains, lecture notes, Rice University, 1969.

[39] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in 11 dimensions, Phys. Lett. B 76 (1978) 409.

[40] M. Günaydin, L.J. Romans and N.P. Warner, Gauged N = 8 supergravity in five-dimensions, Phys. Lett. B 154 (1985) 268; Compact and noncompact gauged supergravity theories in five-dimensions, Nucl. Phys. B 272 (1986) 598.

– 39 –

[41] C.M. Hull, New gauged N = 8, D = 4 supergravities, Class. and Quant. Grav. 20 (2003) 5407 [hep-th/0204156].

[42] A.H. Chamseddine and H. Nicolai, Coupling the SO(2) supergravity through dimensional reduction, Phys. Lett. B 96 (1980) 89.

[43] S. Mizoguchi and N. Ohta, More on the similarity between D = 5 simple supergravity and M-theory, Phys. Lett. B 441 (1998) 123 [hep-th/9807111].

[44] P. Fré, M. Trigiante and A. Van Proeyen, Stable de Sitter vacua from N = 2 supergravity, Class. and Quant. Grav. 19 (2002) 4167 [hep-th/0205119].

[45] C.M. Hull, More gaugings of N = 8 supergravity, Phys. Lett. B 148 (1984) 297; The construction of new gauged N = 8 supergravities, Physica 15D (1985) 230; Noncompact gaugings of N = 8 supergravity, Phys. Lett. B 142 (1984) 39; A new gauging of N = 8 supergravity, Phys. Rev. D 30 (1984) 760.

[46] M. Günaydin, L.J. Romans and N.P. Warner, IIB, or not IIB: that is the question, Phys.

Lett. B 164 (1985) 309.

[47] See, for example, the last reference in [50].

[48] J.F. Luciani, Coupling of O(2) supergravity with several vector multiplets, Nucl. Phys. B 132 (1978) 325.

[49] M. Koecher, Über eine Gruppe von rationalen Abbildungen, Invent. Math. 3 (1967) 136.

[50] M. Günaydin, Exceptional realizations of Lorentz group: supersymmetries and leptons, Nuovo Cim. 29A (1975) 467;

Quadratic Jordan formulation of quantum mechanics and the construction of Lie (super) algebras from Jordan (super) algebras, Ann. Israel Physical Society 3 (1980) 279; The exceptional superspace and the quadratic Jordan formulation of quantum mechanics, in Elementary particles and the universe: essays in honor of Murray Gell-Mann, J.H. Schwarz ed., Cambridge University Press, 1991; On an exceptional nonassociative superspace, J. Math. Phys. 31 (1990) 1776; Generalized conformal and superconformal group actions and jordan algebras, Mod. Phys. Lett. A 8 (1993) 1407 [hep-th/9301050].

[51] J. Tits, Une classe d’algèbres de Lie en relation avec les alg b̀res de Jordan, Nederl. Akad. van Wetens. 65 (1962) 530;

M. Koecher, Imbedding of Jordan algebras into Lie algebras, Amer. J. Math. 89 (1967) 787; I.L. Kantor, Classification of irreducible transitive differential groups, Sov. Math. Dok. 5 (1964) 1404.

[52] M.K. Gaillard and B. Zumino, Duality rotations for interacting fields, Nucl. Phys. B 193 (1981) 221.

[53] For a review of electric magnetic duality and further references on the subject see P. Fré, Lectures on special kahler geometry and electric-magnetic duality rotations, Nucl. Phys. 45BC (Proc. Suppl.) (1996) 59 [hep-th/9512043].

[54] See L. Andrianopoli et al., N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111 [hep-th/9605032].

– 40 –